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@ Introduction

© Short course to convex analysis
o Convexity and related concepts
@ Duality
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Lecture plan

o Day 1:

o Convex analysis

e First order method

e "Online” stochastic optimization method: SGD, SRDA
e Day 2:

e AdaGrad, acceleration of SGD

e "“Batch” stochastic optimization method: SDCA, SVRG, SAG
o Distributed optimization (if possible)
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Machine learning as optimization

Machine learning is a methodology to deal with a lot of uncertain data.

. pagods scorpio ibis
(924;) (89%) (15%) (8%)

Generalization error minimization (r;1in Ez[ty(2)]
Empirical approximation min — Y £y(z)
p pp min Z o(zi

Stochastic optimization is an intersection of learning and optimization.
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Recently stochastic optimization is used to treat huge data.
1 n
- > lo(zi) +1(0)
i=1

Huge
How to optimize this in efficient way?
Do we need to go through the whole data at every iteration?
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History of stochastic optimization for ML

Stochastic approximation
for root finding problem

Perceptron
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and optimality
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for smooth obj.

Online stochastic optimization
for large scale ML task

FOBOS, AdaGrad, RDA

Linear convergence on batch data
(SAG,SDCA,SVRG)



Overview of stochastic optimization

mXin f(x)

@ Stochastic approximation (SA)
e Optimization for systems with uncertainty,

e.g., machine control, traffic management, social science, and so on.

o g = VF(x(1) 4 & is observed where &; is noise (typically i.i.d.).
@ Stochastic approximation for machine learning and statistics
o Typically generalization error minimization:

mXin f(x) = mXin Ez[¢(Z,x)].

£(z,x) is a loss function:

e.g., logistic loss £((w, y), x) = log(1 + exp(—yw " x)) for
z=(w,y) € RP x {£1}.

gt = VI(z,x(*)) is observed where z; ~ P(Z) is i.i.d. data.
Used for huge dataset.

We don’t need exact optimization. Optimization with certain
precision (typically O(1/n)) is sufficient.
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Two types of stochastic optimization

@ Online type stochastic optimization:

o We observe data sequentially.
o Each observation is used just once (basically).

mXin Ez[¢(Z,x)]

@ Batch type stochastic optimization

o The whole sample has been already observed.
o We may use training data multiple times.

L 1¢
min n;é(z,,x)
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Summary of convergence rates

@ Online methods (expected risk minimization):
GR

VT
G2

« — (non-smooth, strongly convex)
oR R’L

VT

2
° 'Z—T + exp (—ﬂ //ZT> (smooth, strongly convex)

@ Batch methods (empirical risk minimization)

(non-smooth, non-strongly convex)

(smooth, non-strongly convex)

e exp (—ﬁ T) (smooth loss, strongly convex reg)

° exp | —— L =T | (smooth loss, strongly convex reg with acceleration)
L

G: upper bound of norm of gradient, R: diameter of the domain,
L: smoothness, u: strong convexity, o: variance of the gradient
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Example of empirical risk minimization:
High dimensional data analysis

Response Feature Weight Noise
vector

Tt

Text data Image data

Bio-informatics
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Example of empirical risk minimization:
High dimensional data analysis

Response Feature Weight Noise
vector

Redundant information deteriorates the estimation accuracy.

scorpion ibis.
(5%) (8%)

Bio-informatics Image data 11/55



Sparse estimation

_ Redundant m
= . . +
information
(0]
Response Feature Weight Noise
vector

Cut off redundant information — sparsity

R. Tsibshirani (1996). Regression shrinkage and selection via the lasso. J. Royal.
Statist. Soc B., Vol. 58, No. 1, pages 267-288.
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Variable selection (linear regression)

Design matrix X = (Xj;) € R"*P.
p (dimension) > n (number of samples).
The true vector 5* € RP: At most d non-zero elements (sparse).

Linear model : Y = X" + €.

Estimate 5* from (Y, X).
The number of parameters that we need to estimate is d — variable
selection.
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Variable selection (linear regression)

Design matrix X = (Xj;) € R"*P.
p (dimension) > n (number of samples).
The true vector 5* € RP: At most d non-zero elements (sparse).

Linear model : Y = X" + €.

Estimate 5* from (Y, X).
The number of parameters that we need to estimate is d — variable
selection.

AIC:
Baic = argmin || Y — XBH2 + 202HB||0
BERP

where [[Bllo = [{j | B; # 0}.

— 2P candidates. NP-hard — Convex approximation.
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Lasso estimator

Lasso [L; regularization]

5Lasso = argmin ” Y — XBHZ + )\Hﬁ”l
BERP

where |51 = JF',:1 18j1.-

— Convex optimization !

@ Li-norm is the convex hull of Lg-norm
on [—1, 1] (the largest convex function
which supports from below).

@ [i-norm is the Lovasz extension of the
cardinality function.
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Lasso estimator

Lasso [L; regularization]

5Lasso = argmin ” Y — XBHZ + )\Hﬁ”l
BERP

where |51 = JF',:1 18j1.-

— Convex optimization !

@ Li-norm is the convex hull of Lg-norm
on [—1, 1] (the largest convex function
which supports from below).

@ [i-norm is the Lovasz extension of the
cardinality function.

More generally for a loss function ¢ (logistic loss, hinge loss, ...)

m|n {ZE zj,x) + )\”X”l}
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Sparsity of Lasso estimator

Suppose p=nand X = [.

" . 1
BlLasso = argmin 5” Y — BH2 + CH/BHl
BERP

(vi — b)* + Clb|

N

= BLasso,i = argmin
beR

_ {Sign(y;)(y; -0 (yl>0)

0 (lyil < €).

Small signal is shrunk to 0 — sparse !
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Sparsity of Lasso estimator (fig)

X 1 ‘
B =argmin =|| X5 - Y|3+ /\nz 1Bjl-
BERP n j=1

"'/bpﬁmal
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Example

Y =X0+e.

n = 1,000, p = 10,000, d = 500.

‘
|

o L L L L L L L L L
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
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Example

Y =X0+e.

n = 1,000, p = 10,000, d = 500.

—True
ﬂ ——Lasso
10 1
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Example

Y =X0+e.

n = 1,000, p = 10,000, d = 500.

—True
——Lasso |
LeastSquares
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Benefit of sparsity

A= arg mi min *Hxﬂ Y5+ A Z 1Bj]-

j=1

Theorem (Lasso's convergence rate)

Under some conditions, there exists a constant C such that

dlog( )

1B — 13 < C—==

% The overall dimension p affects just in O(log(p)) !
The actual dimension d is dominant.
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Extensions of sparse regularization

. 1 P
B =argmin =~ X5 = Y[5+ X\ > |5
BERP n j=1

l

B = argmin 2 4(y;, x7 B) + ¥(8)
BeRre N
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@ Overlapped group lasso

Examples

w(B)=CY_ 115l

ged

@ The groups may overlap.
@ More aggressive sparsity.

Haplotype 1
Haplotype 2
Haplotype 3
Haplotype 4

N

&
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v
N4
eS

)
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S e &

GATCGCTGAATGAATICGCATCTGT
AGATCGCTGAATGGATICCCATCAGT
GATTGCTGCATGGATCCCATCAGT

GATTGCTGCATGAA

GCATCTGT

Groupl Group2

Group3

Genome Wide Association Study (GWAS)
(Balding ‘06, McCarthy et al. ‘08)
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Application of group reg. (1)

@ Multi-task learning (Lounici et al., 2009)
Estimate simultaneously across T tasks:

=

min
B0

OT50 1+ (=100, t=1,..,7).

T n(®

oD ti—x?" f>)2+cZ||<ﬁ(” B

t=1 i=1

Group regularization

(1) 32 ()

Groupl
Group2

Group9

Select non-zero elements across tasks
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Application of group reg. (1)

@ Multi-task learning (Lounici et al., 2009)

Estimate simultaneously across T tasks:

=

min
B0

OTg0) 4 & (=1, t=1,...T).

T n®

Do x0T f>)2+c2||<ﬁ(” B

t=1 i=1

Group regularization

(1) 32 ()

Groupl
Group2

Group9

Select non-zero elements across tasks
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Application of group reg. (2)

@ Sentence regularization for text classification (Yogatama and Smith,
2014)

The words occurred in the same sentence is grouped:

D S4

Y(B) = Z Z A sl B(d,s)ll2;

d=1s=1

(d expresses a document, s expresses a sentence).

Table 4. A review from Amazon dvd review dataset categorized as a positive review. Each line is a sentence identified by the sentence
segmenter. There are five sentences in this article. Selected sentences in the learner’s copy variables are highlighted in blue and bold. We
also display the color-coded log-odds scor iscussed in the text (sentence, elastie, + lasso) based on removing each sentence
for each competing model. We only display scores that are greater than 10~ in absolute values.

Sentence Negative Positive

this film is one big joke : you have all the basics elements e (0.42)
of romance ( love at first sight , great passion , ete . ) and gangster flicks  (0.22)

( brutality , dagerous machinations , the mysterious don , etc. ) , (0.07)

but it is all done with the crudest humor . e (0.48)
it " s the kind of thing you either like viserally and mm (0.01)
immediately " get " or youdon " t. mm (0.01)

that is a matter of taste and expectations . mm (0.01)

i enjoyed it and it took me back to the mid80s ,  (0.02)
when nicolson and turner were in their primes . m (0.01)

the acting is very good , if a bit obviously tongue - in - cheek . m (0.01)

22 /55



Trace norm regularization

W : M x N matrix.

Wl = Te[(WW )2 = Y oy(W)
j=1

oj(W) is the j-th singular value of W (non-negative).

@ Sum of singular values = L;-regularization on singular values
— Singular values are sparse

@ Sparse singular values = Low rank
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Application of trace norm reg.:
Recommendation system

Movie A° Movie B Movie C ---  Movie X
User 1 4 8 *
User 2 2 * 2
User 3 2 4 *

(e.g., Srebro et al. (2005), NetFlix Bennett and Lanning (2007))
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Application of trace norm reg.:
Recommendation system

Assuming the rank is 1.

Movie A Movie B Movie C Movie X
User 1 4 8 4 2
User 2 2 4 2 1
User 3 2 4 2 1

(e.g., Srebro et al. (2005), NetFlix Bennett and Lanning (2007))
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Application of trace norm reg.:
Recommendation system

N

User

— Low rank matrix completion:
e Rademacher complexity of low rank matrices: Srebro et al. (2005).
o Compressed sensing: Candés and Tao (2009), Candés and Recht
(2009).
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Example: Reduced rank regression

@ Reduced rank regression (Anderson, 1951, Burket, 1964, Izenman, 1975)
o Multi-task learning (Argyriou et al., 2008)

Reduced rank regression

Y X w* w
M

W* is low rank.
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(Generalized) Fused Lasso

B5(5)
W) =C > 16— Bl 1 (P
(Tibshirani et al. (2005), Jacob et al. (2009))
O

T
1000

T T T T T
0 200 400 600 800

eeeeeeeeeee

TV-denoising (Chambolle ‘04)

Genome data analysis by Fused lasso (Tibshi-

rani and Taylor ‘11)
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Sparse covariance selection

X~ N(0,T) (Lid,T eRPP), T =151

p
5= argmin{ — log(det(S)) + Tr[SE]+ A ) IS ,j|}.
S$=0 —
ij=1
(Meinshausen and B uhlmann, 2006, Yuan and Lin, 2007, Banerjee et al., 2008)
@ Estimating the inverse S of L.
e 5 =0 & Xy, X is conditionally independent.
@ Gaussian graphical model can be estimated by convex optimization.
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Covariance selection on the stock data of 50 randomly selected companies
in NASDAQ list from 4 January 2011 to 31 December 2014.
(Lie Michael, Bachelor thesis)
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Other examples

@ Robust PCA (Candés et al. 2009).

@ Low rank tensor estimation (Signoretto et al., 2010; Tomioka et al.,

2011).
@ Dictionary learning (Kasiviswanathan et al., 2012; Rakotomamonjy,
2013).
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Outline

@ Short course to convex analysis
o Convexity and related concepts
@ Duality
@ Smoothness and strong convexity
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Regularized empirical risk minimization

Basically, we want to solve

@ Empirical risk minimization:

1n
in =Y 4(z,x).
iy 5 2 )
1=

@ Regularized empirical risk minimization:

x€RP

1 n
min . Zé(z,-, x) + P(x).
i=1

In this lecture, we assume ¢ and 1 are
— convex analysis to exploit the properties of convex functions.
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Outline

@ Short course to convex analysis
o Convexity and related concepts
@ Duality
@ Smoothness and strong convexity
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Convex set

Definition (Convex set)

A convex set is a set that contains the segment connecting two points in
the set:

x,x € C — 0Ox3+ (1 = 92)X2 eC ((9 € [O, 1])

Convex set Non-convex set Non-convex set
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Epigraph and domain
Let R := R U {oo}.

Definition (Epigraph and domain)

@ The epigraph of a function f : RP — R is given by
epi(F) = {(x, 1) € RP*: F(x) < u}.

@ The domain of a function f : RP — R is given by

dom(f) :={x € RP: f(x) < oo}.

epigraph

Y

domain
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Convex function

Let R := R U {oo}.

Definition (Convex function)

A function f : R? — R is a convex function if f satisfies
OF(x) + (1— 0)F(y) > F(Ox + (1 - B)y) (vx,y € RP,0 € [0,1]),

where 0o + oo = 00, 0o < 0.

>
>

Convex Non-convex

e f is convex < epi(f) is a convex set.
36 /55



Proper and closed convex function

If the domain of a function f is not empty (dom(f) # (), f is called
proper.
If the epigraph of a convex function f is a closed set, then f is called
closed.

Even if f is closed, it's domain is not necessarily closed (even for 1D).
“f is closed” does not imply “f is continuous.”
Closed convex function is continuous on a segment in its domain.

Closed function is “lower semicontinuity.”
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Convex loss functions (regression)

All well used loss functions are (closed) convex. The followings are convex
w.r.t. u with a fixed label y € R.
@ Squared loss: Uy, u) = 3(y —u)*
e 7-quantile loss:  #(y,u) = (1 —7)max{u—y,0} +7max{y — u,0}.
for some 7 € (0,1). Used for quantile regression.
@ e-sensitive loss:  ¢(y,u) = max{|y — u| — ¢,0} for some € > 0. Used
for support vector regression.

I
—— Squared

3r N e T-quantile
Huber
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Convex surrogate loss (classification)

ye{xl}

e Logistic loss: Uy, u) = log((1 + exp(—yu))/2).

@ Hinge loss: Uy, u) = max{1l — yu,0}.

e Exponential loss:  #(y, u) = exp(—yu).

@ Smoothed hinge loss:
0, (yu > 1),

Uy, u) = %—yu, (yu < 0),

(1 —yu)?, (otherwise).

—o01
— Logistic
---Hinge

exp
Smoothed-hinge|

s 39/55



Convex regularization functions

@ Ridge regularization: R(x) = ||x||3 := Jp 1 2
@ L regularization: R(x) = ||x|]1 :== = |XJ|
@ Trace norm regularization:  R(X) = || X]|&: = T'nl{q’r} aj(X)

where g;(X) > 0 is the j-th singular value.

S0 (i =z x)? +)\||x||1 Lasso
7 log(1 + exp(—yiz x)) + Al X||t: Low rank matrix recovery
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Other definitions of sets

Convex hull: conv(C) is the smallest convex set that contains a set
C CRP.
Affine set: A set A is an affine set if and only if Vx, y € A, the line that
intersects x and y lies in A: Ax+ (1 —A)y VA eR.
Affine hull: The smallest affine set that contains a set C C RP.
Relative interior: ri(C). Let A be the affine hull of a convex set C C RP,
ri(C) is a set of internal points with respect to the relative
topology induced by the affine hull A.

Affine hull

Convex hull

\
\, Relative interior >
\ p
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Continuity of a closed convex function

For a (possibly non-convex) function f : RP — R, the following three
conditions are equivalent to each other.

@ f is lower semi-continuous.

@ For any converging sequence {x,}°°; C RP s.t. X0 = lim, Xy,
liminf, f(xn) > f(Xs0)-

@ f is closed.

Remark: Any convex function f is continuous in ri(dom(f)). The continuity
could be broken on the boundary of the domain.
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Outline

@ Short course to convex analysis
o Convexity and related concepts
@ Duality
@ Smoothness and strong convexity
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Subgradient

We want to deal with non-differentiable function such as Lj regularization.
To do so, we need to define something like gradient.

Definition (Subdifferential, subgradient)

For a proper convex function f : RP — R, the subdifferential of f at
x € dom(f) is defined by

of(x):={g e R? | (X' — x,g) + f(x) < f(X) (VX €RP)}.

An element of the subdifferential is called subgradient.

f(z)

Subgradient
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Properties of subgradient

@ Subgradient does not necessarily exist (Of(x) could be empty).
f(x) = xlog(x) (x > 0) is proper convex but not subdifferentiable at x = 0.
@ Subgradient always exists on ri(dom(f)).
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Properties of subgradient

@ Subgradient does not necessarily exist (Of(x) could be empty).
f(x) = xlog(x) (x > 0) is proper convex but not subdifferentiable at x = 0.
@ Subgradient always exists on ri(dom(f)).
o If f is differentiable at x, its gradient is the unique element of subdiff.

O (x) = {VF(x)}.
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Properties of subgradient

@ Subgradient does not necessarily exist (Of(x) could be empty).
f(x) = xlog(x) (x > 0) is proper convex but not subdifferentiable at x = 0.
@ Subgradient always exists on ri(dom(f)).
o If f is differentiable at x, its gradient is the unique element of subdiff.

O (x) = {VF(x)}.

o If ri(dom(f)) Nri(dom(h)) # 0, then
I(f + h)(x) = 9f (x) + Oh(x)

={g+g |ge€df(x), g € dh(x)}
(Vx € dom(f) N dom(h)).
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Properties of subgradient

@ Subgradient does not necessarily exist (Of(x) could be empty).

f(x) = xlog(x) (x > 0) is proper convex but not subdifferentiable at x = 0.
Subgradient always exists on ri(dom(f)).

If £ is differentiable at x, its gradient is the unique element of subdiff.

O (x) = {VF(x)}.

If ri(dom(f)) Nri(dom(h)) # O, then
I(f + h)(x) = 9f (x) + Oh(x)

={g+g |ge€df(x), g € dh(x)}
(Vx € dom(f) N dom(h)).

For all g € 0f(x) and all g’ € 9f(x’) (x,x" € dom(f)),
(g—g',x—x) >0
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Legendre transform

Defines the other representation on the dual space (the space of gradients).

Definition (Legendre transform)

Let f be a (possibly non-convex) function f : R? — R s.t. dom(f) # 0.
Its convex conjugate is given by

f*(y) == sup {{x,y) — f(x)}.
xXERP

The map from f to * is called Legendre transform.

1 (z)

line with gradient y

f@*)

(", y)

—f*y) — Fa®) = (")
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Examples

f(x) ()
Squared loss %Xz %yz
-1<y<0
Hinge loss max{1 — x, 0} y (-1< y <0),
oo (otherwise).
Logistic loss log(1 + exp(—x)) {:y) log(—y) + (1 + y) log(1 + y) E;ﬁefm}s/e)g 0),

L; regularization

L, regularization

(p>1)

11y

d
Zj:l [;]”

-

X

=1

(max; [y;| < 1),
(otherwise).

_ _P_
25|y
ppP—1

o

logistic

dual of logistic

Li-norm dual




Properties of Legendre transform

@ f* is a convex function even if f is not.
@ f** is the closure of the convex hull of f:

f** = cl(conv(f)).

Legendre transform is a bijection from the set of proper closed convex
functions onto that defined on the dual space.

f (proper closed convex) <  f* (proper closed convex)

—f(x)
- cl.conv.

0 1 2 3 4 48 /55



Connection to subgradient

y €0f(x) & f(x)+f*(y)=(x,y) & xe€aIf(y).

y € 0f(x) = x = argmax{(x,y) — f(x')}
x'€RP

(take the “derivative” of (x’,y) — f(x))
= f(y) = (x,y) — f(x).

Remark: By definition, we always have

f(x)+ £ (y) > (x, ).

— Young-Fenchel’s inequality.
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% Fenchel’s duality theorem

Theorem (Fenchel’s duality theorem)

Let f : RP — R, g:RI — R be proper closed convex, and A € RI*P.
Suppose that either of condition (a) or (b) is satisfied, then it holds that

inf {f(x) +g(Ax)} = sup {—F*(ATy) —g"(-y)}-
x€ y€ERY

(a) 3x € RP s.t. x € ri(dom(f)) and Ax € ri(dom(g)).
(b) 3y € R st. ATy € ri(dom(f*)) and —y € ri(dom(g*)).

If (a) is satisfied, there exists y* € R9 that attains sup of the RHS.

If (b) is satisfied, there exists x* € RP that attains inf of the LHS.

Under (a) and (b), x*,y* are the optimal solutions of the each side iff
ATy* € Of(x*), Ax* € dg*(—y").

— Karush-Kuhn-Tucker condition. .



Equivalence to the separation theorem

Convex

Concave
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Applying Fenchel’s duality theorem to RERM

RERM (Regularized Empirical Risk Minimizatino):
Let £;(z" x) = £(yi, z x) where (z;,y;) is the input-output pair of the i-th
observation.

(Primal) Xienlgp{zgi(zﬁx) + ¢(X)}
i=1

f(Zx)

[Fenchel's duality theorem]

inf (A2 + 000} = = inf {F()+ 0" (=2 "y)}

(Dual) sup {Zf* yi) + ¢ (-2 )}

y€eRn

This fact will be used to derive dual coordinate descent alg. 52/55



Outline

@ Short course to convex analysis
o Convexity and related concepts
@ Duality
@ Smoothness and strong convexity
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Smoothness and strong convexity

Definition
@ Smoothness: the gradient is Lipschitz continuous:

IVF(x) = VA < Lilx = X

@ Strong convexity: V0 € (0,1),Vx,y € dom(f),

L0 = O)l|x — yI? + F(6x + (1 = 6)y) < 6f(x) + (1 - O)F (»).

v

0 o] o]

Smooth but Smooth and Strongly convex but

not strongly convex Strongly convex not smooth -



Duality between smoothness and strong convexity

Smoothness and strong convexity is in a relation of duality.

Let f : RP — R be proper closed convex.

f is L-smooth <= f* is 1/L-strongly convex.

logistic loss its dual function
0 1
0
Smooth but Strongly convex but
not strongly convex not smooth
(gradient — c0)
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