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[LeCun+etal,89]

10 Qutput Units

Layer H3
30 Hidden Units

Layer H2
12x16 =192
Hidden Units

Layer H1
12x64 =768
Hidden Units

256 Input Units

Fully Connected
~ 300 Links

Fully Connected
~ 6,000 Links

= ~ 40,000 Links
FE from 12 Kernels
5x5x8

~ 20,000 Links
from 12 Kernels

.

LeNet-5
[LeCun etal,98]

C3: f. maps 16@10x10
INPUT C1: feature maps S4: f. maps 16@5x5
6@28x28
S2: f. maps

32x32
6@14x14

Full conAection ‘ Gaussian connections
Convolutions Subsampling Convolutions  Subsampling Full connection
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grille mushroom grape spider monkey
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ImageNet: 1,000 73V, 1205 DIERERT — X

ILSVRC (ImageNet Large Scale Visual Recognition Competition)

[J. Deng, W. Dong, R. Socher, L.-J. Li, K. Li, and L. Fei-Fei.
ImageNet: A Large-Scale Hierarchical Image Database. In CVPR09, 2009.]
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[Silver et al. (Google Deep Mind): Mastering the game of Go with
E‘{%;}j =& deep neural networks and tree search, Nature, 529, 484—489, 2016]
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[Glow: Generative Flow with Invertible 1x1 Convolutions. Kingma
and Dhariwal, 2018]

_ [He, Gkioxari, Dollar, Girshick: Mask R-CNN, ICCV2017] 'T% 0) ﬁ
HENERER .

8 layers
Encoder LSTMs

l ,/’ DgtoderLSTMs N ."'.'_. b =i ¢ .
GPUB &}" "é_’&)_’é] v GPUB ":-. J 3 { =
/} ¥ - 1 - S R E
i > Attention . - v 4

GPU3 \ GPU3 . : ; s it e . E,
GPU2 GPU2

/ [Zhu, Park, Isola, and Efros: Unpaired image-to-image translation using
GPU2 | . .

cycle-consistent adversarial networks. ICCV2017.]
GPUl% H GPU1

: TUISHEGIS ST YT </s> —> tHola —> -

[Wu et al.: éoogle's Neural Machine Translation "Sxystem: Bridging the Gap between Human and Mé’chine Translation. arXiv:1609.08144]
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[Litjens, et al. (2017)]
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. (FROCT73.3% -> 87.3%)

4+ ==

rel_1 (in) Targets

mm f— ~ 103 seconds | E,wo, -

V=

: -QRLU.

Message Passing Neural Net

e Va ’/'H 7 \)
@ = —
o AvERAy (Q\cg
— >
Ce ~ 107 seconds

[Niepert, Ahmed&Kutzkov: Learning Convolutional Neural Networks
for Graphs, 2016]

[Gilmer et al.: Neural Message Passing for Quantum Chemistry, 2017]
[Faber et al.:Machine learning prediction errors better than DFT
accuracy, 2017.]

7 [Detecting Cancer Metastases on
- Gigapixel Pathology Images: Liu et
al., arXiv:1703.02442, 2017]
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Ali Rahimi’s talk at NIPS2017 (test of time award).
“Random features for large-scale kernel methods.”
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[ x—>W1x—> hl(W]_X)—’ th]_ (Wlx)—>h2 (WZhl(Wlx)) J

A7 IR TR A

EECEBITBEEERZ L ICH DD, Poolingd &
hl(u) = [hll(ul): h12(u2), ey hld(ud)]T 5 L:g%é‘tl«g@ WIERF Tt 5 B 00Ine

- *RelLU (Rectified Linear Unit) :  h(u) = max{u,0}
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AR ZE & INEERE

WNIA=2 92y b T =7 DEEZERTEH
BRBEIAY, f(X,0) : RTA=RODNT —REENTZITERBALTWS D

O\

\M%:E%wﬁﬁﬁi\\/%%%E:E@ﬁw?—&fﬁ;h

1 T
E(Y, f(X,0)) Ezf(yiaf(ﬂ%,@))
1=1
L(0) L(6)
RHICwRAMMELTZWH D, Kb VIZERIMET HH D,

GET —RIET A T —& &
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COZDICIEKRELGREF vy THDH S,
piEl=ai=y
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Generalization gap Excess risk

A

SRALEEZE: L(0) — L(0)
RERE: L(0) —inf L(0)

A

HL<lx L6 — irfle[é(Y,f(X))]
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« No free lunch theorem

[ 5D ARBECTHREO RV BEN T E# 3 FEIR Al e
THY, HAFERBICHEFRLIN/-FEICE TR

N ECECI| HHRBICEEL7=AE
THIFR = L

MR E

> Al

T B A~ D2

(B FICEMAEET LAY TIEH S & LT 3 |

FEFEIT T EHZEBE"THLENH S
- 7 ITOERM (F v A LDFITI)
William of Ockham : 1285-1347, R a7 Fn#E¥#H, TFHE,
No free lunch theorem: [D.H.Wolpert and W.G. Macready: 1995,1997][Y.C. Ho and D.L. Pepyne: 2002]
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PIRICETILICEDN A > TWEHHICEZINBEINS D
P I EHOOHDETIL P ecP i BEDONT
D" = (as,y)™, ¢ WEF— 4 6.6 S
B I -—vv 7 AmEk
sup Epn~ p= [L(é)] — inf sup Epnp«[L(6)]

0:Estimator P* cpP

BRI DEDLSIRONFEELAL:
Epnp= [L(H)] < Epnp= [L(H)] (\V/P* € 7))

Epnp+[L(0)] < Epnop«[L(B)] (3P* € P)
BN XEEH o EBIDTH
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(A R E)
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LW) = ) 20 f (6, W)
=1

C e,y = —y')? —&iEL (AR) (Y €R) h
K
£(y,y') = — z yilog(y,) Cross-entropyigsk (ZEHIH)
=1 vk € {01}, € [0,1], & B IZHIA'T)
\ %
min L(W)

Wt =wt1 -, LW )

» EAMIC 3R DECIE T % (SGD) THR@EL % E17
- AdaGrad, Adam, Natural gradient& L > 7z 5 E TERIL
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C

5 fun (@) = A(Waa) |

YDk
[ W) = f3w, (fo,w, (f1,w, (7))
= f3,ws © fo,w, © fi,w, (%)
BB DM
of (z) = 0f3,w; 0f2,w, Of1,w,
oWy Ofaw, 0f1,w, OWq

()



@ fl,Wl . fz,Wg =/‘\ fB,Wg .
fl,ﬂ%v) f2,W2€?1,W1 (.CU) f?%;o fa,ws © fi,w (.I‘)

- . G N Tt
0 f3,.w,0f2,w,0f1,w, Of3,w,0f2,w, 0 f3.ws,
EHEEA BV T % &k
0 0
g (2) = S (fows o fowa (2)
of _ Ofs,w, Ofa,w,

Wz ) = B, oWy W @)
of _ Of3ws Of2,w, Of1,w,
(z) = (z)
oW, Ofaw, O0fiw, OW;
INTA=RIZE DD EANICLDHDITED D, FRE 2T TES,

4 fiw(x) =h(Wx) DiHE - W;’C\
8f1,W . Oh . afl,Wl B Oh 1
aWij (I) B ou; (U).CCJ aiEj (.’L‘) o Z o, (U)W%j
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R BECfE T ix (SGD)

(Stochastic Gradient Descent)
RILWT—2hH 5 & (2@
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LBOARMETE -
Wt =w'1 —aVL(W)
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(Stochastic Gradient Descent)
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EYAOF .5

g = o
° ﬁubﬁb

> E

550 70 B%4 ~ < X (Barron, Holder, Sobolev, Besov) (13

| ZTEE R ENERMETIHBTE 5.,
> SBEBOELUC K Y h— IV EEEBRT D,

- ;AL HE

> E

EE LM T RAROEEREIFI vy 7 Xe@EL — b

ZIERL T & 2 >R HEERE (IS L VU — iR B,
PT—RAYAINPNRNIA=ZHL) NS THEFE LR

L

VSEERRETINEBHED /NS W,

>|§;§§EE'JTK%L: K, BHEMNNS PR o — L
- Fx1E{LBE T
>iElEZ +72 /0 < ENIFKREBNHERERED DEETKE 5.
SIEA/N T X — 2 DX — 1) v 712 & > TNeural Tangent
Kernel& Mean fieldD Z 2 DIRTICKEL DT B 5.
>/ A I L Y B - BRTEED, - ORnt %= =35,







Kolmororov® ;% & HE

EEOELREMIIERBEE EDIED — 2 —F )Ly M
THRIETZ %,

FIE (Kolmorov's superposition theorem)

C EE N >0 =1,...,d), X0, N\ <1
e 1=[01]HDDI~DOBEREFIBAERFRELK &g (¢=1,...,2d+ 1)

MFEL T, EROERREES € C([0,1]D)ARD L S ICKIKRTE %!
2d+1

flxy,..., Z g(A1Pg(T1) + -+ + Aadg(Ta))

nE, ge c(o,1DILf! ;@%LW? L 7=B8%4.

- —ZTHBEBDERTEZEHEELIENTLES.

s EEOEGEBILIEZ_2 -7y FOEREBIZITzFEINITL
WZ &IZhD, LEL, gD@Eoh I fELPANDRITAICE K
7L, mEaFEREITERTET AL,




RIEEN | HEEELlEEN

“EBZa—7JI)lxy 7 —=7I&
EARBEHELEEDEE CHETE 5.

EERAIICIE T —XDERICH Y, RTFHUHER
%%—1—3/[/7\/|\7 g FHWLNIXE A
foLFEﬁ ECHEFETE S,

[Hecht-Nielsen,1987][Cybenko,1989]

| BRI LR

1987 Hecht-Nielsen XIS (ZHEAK C(RY)
1988 Gallant & White Cos L,(K)
lrie & Miyake integrable Ly(R%)
1989 Carroll & Dickinson Continuous sigmoidal L, (K)
Cybenko Continuous sigmoidal C(K)
Funahashi Monotone & bounded C(K)
1993 Mhaskar + Micchelli Polynomial growth C(K)

2015 Sonoda + Murata Unbounded, admissible L, (R%)/L,(R%)
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BRI DERF

_0-6 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

RelL UETE1L BI%K

aln(blx + Cl) n(u) = max{u, 0}



BRI DERF

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

a1n(biz + c1)
+ asn(bax + c2)
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3
Z a;n(b;z + c;)



BRI DERF

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

> agm(bjz + cj)

J=1



bl S {Blin

« Cybenko DI

[Cybenko: Approximation by superpositions of a sigmoidal function.
Mathematics of control, signals and systems, 2(4): 303-314, 1989]
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SEMEALBEBAN Y A REY < h(z) — {

I (=00
0 (zr— —o0)

&L BEIE A DY %Jb@/7%4hE’JB§7"5Uab EFEDf e Cc(0,1]Y)IZxF L,

ERDe>0ICHWVWT, HDgkx) =X ah(aix; +b) ALT,
sup | f(x) —g(x)] < e
x€[0,1]4

ETE 5.




=IF B 0D & R A 1BL RS

« 7 A FEIDOEZICX L,

1 (aTz+ B> 0)
h (a(aT:c + 8) + 9) e o h(#) (a'z4 B=0) '
L0 (a'x+B<0) ‘

RERY IS, DF Y, R —ILABEIRA |
[EERBIE T W< b TH LK <EBTE S, ]

s BB Z AU TENIL, TNoZzELAelET 52 & T,
cos(a’x + B) ®sin(a’™x+ ) 2\ b TH LLABITZE S,

e cos, SINAEIRTE B4 SFourierGE) LTt TE 5.
« FEOEHEEBMIALTE B,



B\ RH

BRFMIALL (3ENN) E\@E@*ﬁ
1"(}():2;r Lvin(w' x+ b))~ f(x) = [ h°(w, b)n(w' x + b)dwdb

O

Nt

(Sonoda & Murata, 2015)

. Ridgeletﬁ}ﬁ [ & BENT (FourierZ#2 D3R EL)
« 3 ENNI(ZridgeletZ#a T ZE F&ﬁ (EPFE'T:'> NGRS
NMOR->TLD (HARB) 4 XA —



HESRE DB (RidgeletZith)

BBYR > RAGELT, UT0 [HEEE] BRYZOETS :
me — (27.‘.)61—1/ w(g) d(g) df < 00

ryoy € (1), 7 |$ FourieZ: 1)
ey = [T S
#,T(x /ERd/ a,b)n(a’ « —b)lal| " dbda (WxtRidgeletZs i)

f,f e NRHDEF, FBREBEEmI-In Yl LT
MNFEAEWLEEZEZADx e R L TRk Y IiLD:

(%) R0 f) (@) = Kynf(z) Ridgeletzi

= RadonZ #2
BE, BEREAICBWTIEEHELABICKY LD, +WaveletZrits
T(a,b)

2F Y, flx)= K, n’HaHn(aTx—b)dadb CETS.
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> MR ICIE [RE] AMEEICIENS.
- NEZ“ITX"INILIERERETATZE B(L7.
e B © Uy 2EF (TikhonovIEAIML)

( = arg min —||X5 Y3+ Al B2
BER

2R SR 8.
o FHILIHD 728, [ e Ker(X)t. 2%0, felm(XT).
o HBAER"MHEIELT, f=X"Ta &lF 5.

& < argmin —HXXTa — Y24+ Ao (XX e
aceR”

HLWOANXICH LTIy =x"XTa ©F38).
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« H—FRIEDTAT4AT
X DEORIEEMOEM TEXIZ 3

X-TXJ' — k(xi, xj)

I

TDk:RPxRP - R % H—F/)LEEE &R,

fﬁ—*»%ﬁ@ﬁt?&%%ﬁ A
o WIHFNE - ") = k(x', x)
_ ° l"fgli E, 12 _p aiajk(xi, %) >0, V({xi}my, {aifily, ))

ZHEZ2E L TUONIEBRATHERWL



h—FnY vy 2hEkE

B =3y VR K = (k(x, %)) £ LT,

.1
& «— argmin =||Ka — Y/||5 + Apa' Ka.
(IER” n

HLUWAS x 26 LTl

3

y:kax,

=1
T Tl

SVR versus Kernel Ridge

[} —— SVR (fit: 0.389s, predict: 0.117s)
5 L] @® —— KRR(fit: 0.175s, predict: 0.141s)
1 ® ® @ SVR support vectors

e data

IRIPARER T B
FERRI 72 [B])F & KR, NP

data

[https://scikit-learn.org/stable/auto_examples/plot_kernel _ridge regression.html]
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A YT VH—F

7|2
k(x.x") = o IlX — X Il
(x,x") = exp ( 53

k(x,x’) = (1 + XTX’)p

Y2-71— %I
d X _X! 2
klxx) = o0 (=257 S )
Matérn-kernel
. ,. 1
kix. x") = iAT (x—x") 1\
(X,-X) /]Rd € (1 n ||)\||2)<:}5+d/2L

25T H =2, BRFIH—F, ..
(=20 y REETHRL TEA—RUAEBETENE N —FILENFER D)




BEZE LRIV ZER]

=3 NVEE < BEKREILNILNZERE (RKHS)
k(x,x") Hy

G0 rFoBAEKZE LRIV FZERE (Reproducing kernel Hilbert space, RKHS) H
é: X, Q Lo ORI ENLNILEZEETH> T, EFEDxEQITT L, €EHND

FEL,
f&) =Abx, flor  (f EH)

mlcdbDELN D,
© k(x,y) = Py, Py)a (FIEEMEXTFR A — 1 L EAEX
o WIZIFFEEXNRH —FILA E_rz_b;f/]‘f—h#‘fl"_‘d‘Z\PKl—lQﬁ\—E 7'_
32 (Moore-Aronszajn® E ) (2) :<Z@i (@i, ), k(z, Zaz Ti, )|
=1

k(x,y): IEE(EXFRAH — %L (given)
QEDBEEN OB NI FZEEH, TUTOERGZmH-TH DN —EIFE :
1. k(x ) € }[k
2. f = Z?Zl alk(xl,)ﬁ.[%%_ﬁﬁﬂl Ci}[kW’C‘W’E
3. BAER:

H

FOO) = (k(x), fae, (Vx € QVf € H).




BERKELRIL FEROA A=

.« BRIT(EBRRITT)EFHEBMICOTERL THREITH.
« BEREILAIL S EB TR NIEA TT D ZE I TIE IR
IR (27 5,

Reproducing Kernel Hilbert Space

k(x,x") = (6(x), d(x")) n



Y Label

ST B D

15 Data projected to R~2 (hyperplane projection shown)

Data in R™3 (separable w/ hyperplane)

1.0

0.5

0.0

eqe7 z

215 0 05 0.0 05 10 15
X Label

http://www.eric-kim.net/eric-kim-net/posts/1/kernel_trick.html
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o 71— )LV w nFE

R R
f < min = Z()/i — f(x))* + C||f||3{k

feHe N4

o KRIEH

Joj e R st f(x)= Za;k(x,-,x),
i=1

= |l = /0 avagk(x. ) =
SEEEDH =2y VEIFEDOEAN M & —H.

o' Ka.



B — 2 IVEE D 53k L RKHSDRIF
e h— RN BBRENRITION ALY 2 98 E T

=1
% 2 3B Ry 5 LT, / B(z, 2)du(z) < 00 ALY T b,
Q)

=4 MEEDEERI (1) i B &L, WVRDIEREREE(e;) ;M TFIE L T,
= Z piei(x)e;(z')  (Vx,z")
i€l
EDRTED (BRIR).

DL BERRBRIFMICENANWAENR=T 3 0D BH B, e.g., Mercer BB,
( $%E Z[Steinwart&Scovel: Constructive Approximation, 35(3):363—417, 2012] )
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ej(z) = uje;(w)
BEIET—2r 5538 o(T) FEEHE X H — 3
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See Montavon et al. (2011); Bach (2015)



HEIEE TH— VB ERH IR
TEFRFERETCHDEHERD.
T

£

OB —FILEMZFE T 5
O)jj Z\/I//fé:fﬁf&%



o
4
/

T,
L2y

/A:’¢/u1’¢<\i‘.\\\‘1\
RXRREREXEKX |

/<] 52RRERK A

O/HQHOH.H.H

NIRRT
ORI XTRGK)
25275 25

~ )

%)

/

 — |

==

=
3T 5B 24 35
B R

N\ SV P L~
NIRRT/

[ A RIRERIRRK]

HRTIS
%

/%77)%11—
\

=
70N

H 57

S

~

=

BlEES & LN S
DEILE D
JL

AeaT
[Rl$%
=

/

AJ
M)
L,

O
'S
<
g
v
+6
<
M)

JE

/

=1l
==
A
_
—
—_— Z\

- [EFE]

.

B E::

— [ &I N] ZHERXTHD,



et LB im iU_F_1—7wZ/#T%¢%F®1
:/#@%ﬁ@ CEVCHIIEEOREM IR DRBE T
MT=E 3,

FESEEIICIZ ICSVMDIESR IZE A - Th <

(f5 : Gaussian kernel® HEEME)

Q: TIEHBERVAHLRRLDA?
ADRS IS L THEANICRBADPBXRS 275




RIVNDERBDE

NND“ERIEN" : BIgZ FEOZEEICDITHNE D ?
S0 L TRIBAISIBHERIICED S

(2) () L o

c RRIBOIZ v M (1) I LTl 2ERy, |0 REOKE

. N /7 —
Z (n) N - AJTDRIT
j=0
/"‘i_\ N
i 3,
1. Fold along the 2. Fold along the
vertical axis horizontal axis
(a)
Input Space
First Layer Sg
AN | | s, . >
N2 | N Tzl N\
S/ S 53 |Sh
9352 / N\ /
//D: s% - Z% 5 Second Layer
\t’l &y B Space
P ORDA A —

Montufar, Guido F., et al. "On the number of linear regions of deep neural networks." 2014.
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- ZIEXER, T VIVERIT [Cohen et al., 2016; Cohen & Shashua, 2016]
EIE\JWM\ 5

« {XZi k70— [Bianchini & Scarselli, 2014] ol I RS | &
Aoy F ( Pfaffian) s il

o ) —2%qn] + FIIFIEEE [Poole et al., 2016]
5L OPUNC: B -

XFRED = WBIRUE, FFICE %2R <
THLIETHET 5.

2x (0<x<1/2)
h(x) =<2(1—x) (1/2<x<1)
0 (otherwise).
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g(IxII?) =g(x + x5+ +x3.)

" ] " (J&' )
g3 BesselBE#% TT I AL MMWMWW . % )

=E (FEEZE) : 0(poly(d,))/ — F T+%»
“E (hEE—E) : Q(exp(d,))/ — FHWE

£9 23

(Eldan&Shamir, 2016)
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X5 #xA IR DRI

« EEDOXDRFEE(R? - R) TR [log,(d + 1)]PRelLU-DNNTFHIZ AT 8E
. b B REw, WIEBKOReLU-DNNAEZE LT, %% HHiE
K(<k)YDxy b7 —27 TRIRT B ICITERE WYY — 1D E,
(Arora et al., 2018)
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B HEEA DI

- BIEE#Z ReLU-DNN Tyl
p:10,1]¢ = [-1,+1], ¢:[0,1]¢ = [27% +1] :rXZER
p/q %RelLU-DNNTGEALL 7= L
HHReLU-DNNfAFEL T/ — FEELEREN RO LS I oS !

/=N LR Z=E p(x) -
O(poly(k, r, d)poly (log(1/e)) e el
« ReLU-DNN 7% & 3B # Tl
k-BETHEE®D ./ — FEmDIEEDReLU-DNNfIZXT L T,
REEFLEREDNUT THIZ o N5 BER#Mp/qHhFE
REL (HEEHTFpDREDRAIE) SEALEE 5 @) p(z)
k k sup r)— —=| <€

FE L TIRMAICIE A
« ReLU-DNNZ ZIE{ Tl Q(poly(1l/e)) DREHAMHE
—SHEEBEMICERTERBEHAEN



B HEEA DI

- BIEE#Z ReLU-DNN Tyl
p:10,1]¢ = [-1,+1], ¢:[0,1]¢ = [27% +1] :rXZER
p/q %RelLU-DNNTGEALL 7= L
HHReLU-DNNfAFEL T/ — FEELEREN RO LS I oS !

J— R SFELlEE 2 f) - pa)| _
O(poly(k, r,d)poly(log(1/€))) x:ﬁéﬁ]d v q(w)| — ‘
| i
. ReLU-DNI B= o
b-E T 5 P
R &R
2
RE (5B
* @ <e€
O(Ic! q(z) |~
0 ®
. Rel U-DNI P2

-1.00 -0.75 -050 -0.25 0.00 0.25 0.50 0.75 1.00

—F I LENTRIEHANEN



MaTHIEE R IC & BB

)= VS /§)= @% Ln_l_EEgl.nH%
HF%@@M%E@@&%EJ%K&TA%.

[ ZE | ICX DR EHERE

JVINF XA MYy 7EIRDERTE

vy = fO(x) +& (=1,...,n)
& ~ N(0,0%) 38D RIER =

W T FRAE
E[llf = fol7, ] <7

1l 3 | XEIFINIEZEEBROFIRFIREICA > TV,
L L E[L(0) — inf E[L(Y, f(X))]




LEEBZZHFEVLDH ?

c EOBEMS DFIRICE o TREIBHICKH S
4 Y4 N/ Y4 )

e N A= X 58 b H B BesovZE ] BRTT—2X

[Schmidt-Hieber, 2019] [Nakada&Imaizumi,

[Imaizumi&Fukumizu, 2019] [Suzuki, 2019] 2019][Chen et al., 2019][Suzuki&Nitanda, 2019]
FEEMORT || ragsEgo || BopanE— || ToSMERT
MEVRRIER || gEEEsE || sepuoks || BoEMEC)
BEPEIEE HiSE FREFENE || L CWEDR
= ExEHHEH

A

2s __2s
n 2s+d n~ 2s+D

IR

_ _2(s=D/p+d/2)
2s—2d(1/p—1/2) 4 n~ 2(s—D/p+d/2)+d

n_ 2s+d—2d(1/p—1/2) 4

Mk i (it ek

=N —
]
i

__2s
\/ n 2s+D




*?l"él%‘ F B DEIGEES]

Sy rﬂ LVEIS D D % | [Suzuki, ICLR2019]
A &I D fE AE S AN S
".

DL EDH D & PLIBHZED->TH
R/FEDEHBLLDITIRS | o x £

g o DT W
p/%& &/ﬂ:

IHEETEIHDEETHRULDILDZEDIT T, BEELERZELANICEY
%E?’L?ﬁ‘fa_ﬁ"‘
P& IBesovERI(BS )DL HET 2DICI =7y 7 AREL — & ENRT 5.
(M LBEBRICEICHIIIC 74y T2 ENTE D)

SIC feg
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EZW] FELE ODL'BE'EE
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 EEBFEHIIGMICL > THREBREZZ X
—>$ 27"\ /2\\75 E\}\

s EWFEIIRALERZ2RIFTZTLHIEERES i
%b#b®+”\¢¢ﬂT¢E%K%ﬂ&¢#%%

\

.—4.11,\
—FE ’ﬁ¥‘7b\/LJ\ [Suzuki, ICLR2019]
FETHEWEHAE FEFE
(H—FL U v 2EE, KNNZE, ¥—7 &%)
o 2s—2d(1/p—1/2) 4 > 25
n, 2s+d—2d(1/p—1/2) 4 n 2s+d
(n: sample size, p: uniformity of smoothness, s: smoothness)
BRETIE AL [\HE%/_‘
Jﬁ—xjrvnf—:r — R T WG IO

FHZFBEE[||f - | 2 T A AR BICONELT B L — b

e I TV IURABRBEMHOEKT
e HHREFEINUERETELRWLWEBELZERTETWS,
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FERRAZ [B] )7 R R

C EBREERETL

c72 L, &
N $

yZ:fo(CBZ)—Ffz (Z:Lvn)

~ N(0,02)h Dx; ~ Px(X) (i.i.d.).

fo% T — ﬁ(xl,yl L DOETE L7V,

X LT OEEIFHIBIMETDH R AIEE
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WTEEE = N4 72X (EFIILBE) + N 722 (5HE)



SEELE#MI IR

e Barron7 7 X
e« Holder7v 7 X
e Sobolevy 7 X
 Besovy 7 X

BEORBNAE I 7 RICEFNTVWDEEEIC
HTLEREIF ENC B WIIW DA FENT 0,



Holder, Sobolev, BesovZzE ]

= [0,1]¢ c R?
o Hélder space (C°(Q))

9 f(x) — O°f
|f]lcs = max ’()af”oc + max sup | (*) — W)l
o] <m lal=mxeq  |x —y|Pm

o Sobolev space (W)(Q))

Hmef==< §::HDQmegn)

|| <k

ﬁ Besov space (B ,(£2)) (0 < p,g <00,0<s<m) \
ZE TR — R4

wm(f,t), := sup zm: ( ) f(-+ jh) /

A<t
Lr(€2)

>0 TANA
118 @) = Iflle-(oy (/ Femf, )" 7) |
J0O

\_ B H & DEEA L Y,
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« pTIE LD I DZEFERY—FRE & i




Z R DO HE DE R

@ For me N,
ngl%Wg”%ngoo,
@ For0 <s <ooands &N,
C°*=B> _.

( Holder space )\ Besov space

C° =B s
' Bp,q

Sobolev space

B[,’_’l — W‘;" — B;,’_’X.




- EEEEHOMESE : s > d/p
Bs,— C°

o I-AIRES AR s > d(1/p—1/r)y
B;’q — '

Cs—d/p Ir
Continuous Dis-continuous

« 1 © Bi1([0,1]) C {bounded total variation} C Bj __([0,1])



AR pElE d/p > s

c BOD I DI E—FRNLRIGE  pH/ NS WDIKR

I

rough smooth

INOCDOHBICLEDLOTREFBIIRVWEENTE D07



RA/IN— Rk L DR

Resolution j=1
k=0 %01

Multiresolution expansion

1/q

=Y z kN (= Z 227N oy [P) P

keN+ jed(k k=0 jeJ(k)
Wavelet&E[EIZ X % ER R Ly-/ IV s
INE Tep = RIN— RBRE EENGEBEON I D

(FEhiE) FE—BRIE




FEFZEDET I

f(x) = (WBn)+ b)Y o (WED () + D) oo vvo (W x + pY)

T e ffthE : L
e FENE :
F(LW,S,B) - o Lo DEENNEF L OES
e BNRNTA—KZDEIR B

« JEMHELEEILRe LU Z E

- n(x) = max{x,0}




3k elin DT
e 0 < p,qr<ow& <s<ohUT%m-IL&3%:
s>d(1/p—1/r)s (L"-RITE D 1%)
« m%Zs<min{fmm—1+1/p}yem/-3EHE T 5,
REZ2—ZIlxy b7 —7 OIELERE

HBERBNEAWTESL, BEIBW, KOHS, /LA ERBEUTOLS ICED S
L = O(log(N)). W = O(N),
S = O(Nlog(N)), B = O(N'/P=s)+),

Ny — X
5 &, EENNIFLU T D:EZE TBesovEBDTA I TE S KIE/RT A —RE

Sup 5 mf Hfo — ﬂ Lr([oal]d) s N_S/d.
N foeU(Bs ,([0,1]9)) feF(L,W,S5,B)

/

Pinkus (1999), Mhaskar (1996): p = r5 21 < p, ReLUEMHAL B Tld 2 L,
Petrushev (1998): p =r = 2, ReLUEM LB TIEH W (s <k+ 1+ (d—1)/2).



B-spline

1 (xe][0,1]),
N = {O (otherwise).

X mDcardinal B-spline:

Non(2) = (V5N 5 5 N (2)

m + 1 times

+ N
1+ £ = N
i N3
i
i
i
-- i i i
0 1 2 3 4



Cardinal B-splinelZ & 3 BB oevore & popov, 1988)

« Atomic decomposition:

f € Bj DB+ 51

=2 7% Ni

keN+ jeJ(k

JjeJ(k

e /JILLDREHEE :
[fllgs = N(f)

ZB-spline &K % NN T

(see also Bolcskei, Grohs, Kutyniok, Petersen: Optimal Approximation with Sparsely Connected Deep Neural Networks. 2018)



E AR

. E@B@%ﬁ&fﬁb*‘a’?@ot DICERATES LT 5:
Z Z Oék_/gbk_](x

k=1 jeJ(k)

. R EEEH G,  ZReLU-NNT & EBITE 274
5, bR ELTE 3.

. Cardmal B-splineldRelLU-NNT & < AU TE
%:log(1/e) B CilEliRZEe = EMN T 5.

e B-splinellFAT 2 T B ZFEFEICFELAD S,
— BesovZEICR b WIEBim A EF ] EE

[Bolcskei et al.: arXiv:1705.01714]



LEER

s>d(1/p—1/r)y BBIREDH & T
< N—s/d

inf sup |
feF(L.W.S.B) focU(Bs ([0.1]9))

« p=g=o0Di, Yarotsky (2016) D#ERIZIFE (HolderZZfH)

o BIGHY 7 FERRAZ T LA W E (Dung, 2011)
$SAEL (Linear width) :

(

L7([0,1]9) ~S

o

p = rHE

either (0<p<r<2),
N-s/dH1/p=1/r)+) ) o 2<p<r<oo),
or (0<r<p< o),

\N_S/‘H'-m (0 <p < 28 \E):NNGDI_IL,\Hbjj
JEBISAIEL (N-term approx., Ko T = O) ‘l:]]?" HH H
, E o
fN—S/d+K1/p—1/T)+] (1 < D
N=s/d+H/p=1/2] (1 <p<2<r<oo, 8>d/p),

\N—s/d 2<p<r<oo, s>d/2), /MN\/

oooooo

HolderZERATIXIEN A VS U

2\




BEM R

o Chui et al. (1994) and Bolcskei et al. (2017) dealt with a “smooth”
activation with limy_ o 1(x)/x* — 1, limy__oo n(x)/x* = 0 with k > 2
under 1 < p. Mhaskar and Micchelli (1992) studied s = k + 1. Mhaskar
(1993) studied k > 2 and s = k + 1, Mhaskar (1996) considered the Sobolev
space W/ with a "bump” activation function (excluding RelLU).



) P AR

Estimator

e INEITRLEZE : NA TR GELERE)
« INHBLRT ZE IRRRERERIMED/NNY T

f = argmin (y;i — f (X,
feF(L,W,S,B) Z



Bl = FllEzey]
< S[Llog(BW) + log(Ln)] N

™

inf ) (i fo”fz(Px)

R n P feF(LLW.S.B
Variance BT;S
X S AN —RIE 855 X — R DIHHED LR

(GEE/ T A — &%)

L = O(log(N)), W = O(N), S = O(Nlog(N)), B = O(N@/P==)+)
755
Bias = N /¢

(FBFrRademacher complexity & FH LN TEERR)

> WNATRENYTUIROML—RFT7HNRZ 2T NIEL.



HERE

- /N AR (AR ER/IME)

]E

arg min Z(yz — f(a:z))2

f:feF(L,W,S,B) ;—

7=72L, f = min{max{f, —F}, F} (clipping).

T EERE)

[follBs, <1,/ <1HD0<p,g< 00, s>d(1/p—1/2)1 D& &,
N=nmf 43287,

o 72 — 2

[£2 = fll2pyy < 1”777 log(n)*.

\_ /

p=qg=o00&x, Schmidt-Hieber (2017) (ZIFZE.




RICHES & DL

%ﬁﬁ/?&ﬁ/f (Donoho & Johnstone, 1994)
f(x) =3 yipi(T, .. x)+ 0 EEITHIEEDOHETFE
(A=F ) v JEIE, S|eve,f Nadaraya-Watson#tEE...)
f(z) = Ko x(Exx + )Y f- 1}2%{112(21 — Fla)* A

2s—2(1/p—1/2) 4

n 25T 1-20/p—1/2)7 (d=108)
- FEFE \V4
n 232—(|9—1 p < 2TENNHD

AN (p<2> J& =& HM e
— ZEEAYICE b?ﬁ\éﬁ\ﬁlf BR74 B

CREFEOEICE [EEDFE - %] )

c.f., TEHEEE DA : Imaizumi&Fukumizu, 2018.



15 R

4

_ 23—2(1/p—1/2)_|_
n  25F1-2(/p—1/2)4

N FRIICERE: IEBICHFIE
: H—0 Yy SENR, B SR,
f(z) =) Bip;(x) T

J:1 == N N
S Nga L EEY B ERNFE

POE EEFB, 28— T, Boosting, ...
n_252—i1

RAIN—XHETF EDEWN .

o _ Adaptive method
) 'ZJ\?_ZHQ . N . (deep)
HohCORABLEZHEOEEDHRINLEER 4

EJE % FE IR
 Deep:
B, EEZEESTD

1 1 W& 1




David Donoho: #77 X & (2018)
A /N—XHETE, wavelet-shrinkage, EFfgt> > > 7,



R IC—aR1b

[Boh S DI F—HiE] [TERE] [7—-2DERTHE]

MESZH > THNEEZH > -EHOFER IEEFHH5E L
— RABEEZMME" TH—RYICERAA

Bl : S vy 7H 3 HFHORS MK RE:1/n, H—3 )b 1/4n

0.5x 0.5x L

v 73H v v T3DFR v Teh R

= XIICE [RN—REE] CVLWH BRI O HMATE 3.

[Satoshi Hayakawa and Taiji Suzuki: On the minimax optimality and superiority of deep neural network
learning over sparse parameter spaces. arXiv:1905.09195.]



ST E  fo) =0 vipi(z1,...,z0;2) +b EEITHEBDOHETE

Gl: h—2 Uy PEIG f(2)=Kex(Exx + )Y (SEWVEBREHAT)

Deep net

e
.
.
.
o
.
.
. o
. o
.
.
.
.
.
o
.
1y

:"Q—hull

Convex hulI
(Shallow net)

Y
B
.
.
o,
.
ot .
.
.
.
.
.
.
.

. .
. -
‘e .
~ * . -
- X -
"-..' Y

infsup E[|f — O[5, ;] = inf  sup  E[[|f — 7, (p)]
f:Linear focF f:Linear focconv(F)
L f

It EIRETNIL [O-hull] £ THRTE %,
[Hayakawa&Suzuki: 2019][Donoho & Johnstone, 1994]
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Gl (1): (BRITT — X 1BE

HE

==
B

3

E&HIED
2T 5HM

X\, S1,S5,S83: Smoothness

(non-smooth) S, So K S3 (smooth)

— ™ - g

S _ %1
n s+1 n si+3
~ —1 —1 —1\—1 —
5= (s 455" +55) | REomw)




%l (2): $@/h7 > 7 [ElIF

« fiE/NZ v 7 [B)F
Y, = UVX, + & (I':].,...,n)

772L.Y; e RM X; e RV |

@ Linear estimator rA‘(x) =
o Deep learning f(x) =

U e

RM>r v e RN (r < M, N)
Z?:]_ Yf@(Xla"'aXn:X):

UVx.

Lovv rank: non-convex

-

-

(LS*>Ridge[a])m7ZE)

W E DR N\
r(M+ N) - MN
n n
Deep Shallow

K2 > 71750

a7 LT v 71T



BarronZ 7 XD {Lia=E

f(x)Z/ einxf(w)dw (FourierZ i) -
Rd

wE: [l <o OGO

(T4, 3 )iy ¢ 1d f(z) =E[Y|X = x| By = f(xi) + €)
“EZa—7)xy bT7—2DNLEAZE (Barron 1991, 1993)

“_EBZa—Jllxy b7 =0 DOHHEDERLIERE
SfHNFEEL TRE®-T :

. EMf—ﬂ@ﬂwm}§O<vup§m>

SEMAV IR D & - n(—2) =1 —n(2) (MDL, PAC-BayesHyfi
17 [loo < 00

lim sup 7(z)/[z|” < oo [N R I AL A

zZ—r— 00

#7)

+d




SobolevZ 7 X ORI EH !
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w(yiy f( )) =0 NEE (1-Lipschitz continuous w.r.t. f)

Zw yi f(@i)) W (f) = E[p(Y, f(X))]
ERIsE ) B IRE (AILER)

b F vy T
EFEDf e FICWH L THRYIZD—ER/NT > FARRL LY

U(f) < U(f) + R0 F)
Complexity

E.g., Rademacher (B3 P(e; = —1) = P(¢; = 1) (i.i.d.)

n

Ro(po F) = [sup — 3 etb(ys, £(21))

n
fer =1



Uniform bound

v(f)

=

()= = S0 fw) () = Bl (X))

. loss function
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&

/ Author Rate Bound type
2L Hle RE,F
Neyshabur et al. (2015) NG Norm base
, 3/2
Bartlett et al. (2017) [1icy Rez (Reaos Norm base
' vn RS
2
Neyshabur et al. (2017) @\/ LW Ze ) R2 Norm base
Golowich et al. (2018) He L Re.r mm{ —T \/7} Norm base /
Li et al. (2018) [, Ry oVIZW :
[ Harvey et al. (2017) v Na}\//(ej_lggalnd
4 L2 max |Fl@0l? TEy b A
Arora et al. (2018) — Compression
L2 1I<na<x |f(377,)|2 Ze Q(AK%)Q Zyv1sf )
Baykal et al. (2018) Compression
L L b
Suzuki et al. (2018) S VAt \/Ze:l Rt Compression
(=2

L

L: depth
W = maxy my: width

EfEBENy >k

Rp: Frobenius norm, Ry: operator norm



Naive bound (VC-2R5T)

v(f)<U(H+i 2

(VC-ZQJTE [Harvey et al.2017

N -N7
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> i1 MM SR OHERR
L tesln) ARSI
<\/ Lo parameters) e my: width of /-th layer
" o L: depth
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e Bartlett et al. (2017): IEfH{t~—>> /"7 K

(5
= 11 ez ( T >
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=1 1Yo

3/2

Rig = [[WO| = (WO) Ry =Y W]

(RAFFRE) f

« Golowich et al. (2018)

L
, 1 | L
HRg,len{n1/4, n}

/=1
Rer = |WW|r : Frobenius./ JL L

(Rppd VK E L)
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U{ P} < U(f) 47+ =1 Cog(n)

..... n
\_ // \\ Bias§ Variance Yy
HEREL O ?r;>‘?_— T i)
Zwy f7—% 2w k=2 Bias-variance L — K # 7 ] fi(xs))

[Arora et al., 2018: Zhou et al., 2019; Baykal et al., 2019; Suzuki et al., 2018]
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JFEERER Y PDOIEFREENY K

RE: f A& VNS xy 7= fHEMETED LT 5.
(feF fferFt, FlaxB ALy FO&ES FHIZEMRLI-FY FOES
[Suzuki,Abe,Nishimura:ICLR2020]
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(feF fferFt, FlaxB ALy FO&ES FHIZEMRLI-FY FOES
[Suzuki,Abe,Nishimura:ICLR2020]
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RE: f A& VNS xy 7= fHEMETED LT 5.
(feF fferFt, FlaxB ALy FO&ES FHIZEMRLI-FY FOES

P
T £ <P (as)

+ R(G") =Ro({f €G" | Ifl1o(px) £7}) : BAFRademacherts s

c ri=inf{r > 1/n | Rp(W(F) — p(F*) < r°} : BFTRad. O E 2
_ W(F) = p(FF) = {o(f) — () | feF, AT} )

Theorem (FEEHER v b DIEHHEERI/ANT Y F)

~ P t . ~ _ 2t
\Ij(f)gqj(f)‘F\/5(7%4—7’%)+Rf+r*(F_fﬁ)+Rn(Fﬁ)+ E
\ Y J ( Y J
Fast part (0(1/n)) Main part (0(1/\/n))
bias variance
with probability at least 1 — e~ ¢.
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U(f) < (f)

[Suzuki: Fast generalization error bound of deep learning from a kernel perspective. AISTATS2018]
[Li, Sun, Liu, Suzuki and Huang: Understanding of Generalization in Deep Learning via Tensor
Methods. AISTATS2020]

[Suzuki, Abe, Nishimura: Compression based bound for non-compressed network: unified
generalization error analysis of large compressible deep neural network, ICLR2020]

[Suzuki et al.: Spectral pruning: Compressing deep neural networks via spectral analysis and its
generalization error. IJCAI-PRICAI 2020]
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HA 2
Layer  Original Our bound
1 1,728 1,013
4 147,456 84,499
6 589,824 270,216
9 1,179,648 50,768
12 2,359,296 4,583
15 2,359,296 3,886
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ot TOYAR
o EENER @

0.0
0

SOTA Arora et al

(a) Bound comparison
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Near low rank covariance

Distribution of eigenvalues of the covariance matrix
in an internal layer
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Singular value distribution

Singular value distribution of trained weight matrix

Random initialization

Spectral Density
o o o
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—— MP fit
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After some epoch training
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[Martin&Mahoney: Traditional and Heavy-Tailed Self Regularization in Neural Network Models. arXiv:1901.08276]



Near low rank weight and covariance”

f(@) = W) o (WEy())o o (W)

 Near low rank weight matrix:

° : A(e) < 54—«
93 (W ) ~ Both of weight and covariance
¢ 0 (f}(@)) < 50 are near low rank

(0;(+): j-th largest eigenvalue)
+ Other boundedness condition.

/ =
N A N\
[ V(f) <V(f)
........... L ....................... 1_?_C2)éa I 4/18—}_2%{? 1/2a)
+ O (( Zf:l my: log(n)> 4+ \/L1_|_5 (2621 mﬁ) 10g(n)3
n n
where § — 5 _ Much smaller than the VC-bound:
\ (2;1—61) +0 N e S gy MM
— W() < (P) + LI gy |




Comparison with existing work

Comparison of intrinsic dimensionality between our degree of freedom and that in
Arora et al. (2018). They are computed on VGG-19 network trained on CIFAR-10.

Layer  Original Arora et al. (2018) |Our bound
1 1,723 1,645 567

4 147,456 644,654 75,240

6 589,824 3,457,882 394,200

9 1,179,648 36,920 10,399
12 2,359,296 29,735 756
15 2,399,296 26,584 832
larger smaller

Implicit number of parameters in each internal layer:

where k is the size of filter. We used \; = 10‘2Tr[f(g)] (sufficiently small).

Ne(Ae)Ney1(Neg1)k2,

[S. Arora, R. Ge, B. Neyshabur, and Y. Zhang. Stronger generalization bounds for deep nets via

a compression approach. ICML2018.]




BigNAS

[Yu et al.: BigNAS: Scaling Up Neural Architecture Search with Big Single-Stage Models. ECCV2020]

(B & B3R & 2 NASF %)
2BEDRY b T— I HERTED & IC2B

[ ]
“ = \ ~ < =
C KERRY TP BNEBI Y NT— L%
H Z ~Y b /J\ 1Y/
> N One-Stage Model BigNASModel-5 BigNASModel-M BipNASModel-L BigNASModel-XL
75 SYZ I % E
 EfficientNet% £[A] 33K 4% = e o] |
i [
: | ! | | }
F"“”""'j‘f’_"f!-_’fk---' Group Maodel Family Params FLOPs Top-1 w2 ]
801 _ - * MobileNetV1 0. 1.3M  150M 633 , \
. BighAsModelly — Maobile . 26M  200M  69.8 : [ == e L 2L
BigNASModel-ll _— * 200M AutoSlim-MobileNet V2 41M  207TM  73.0 | i ! i !
~ FLOPs MobileNet V3 1ox 54M  219M  75.2 3 E5 T
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[ P [ |
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o . FLOPs  MobileNetV g1M  350M 766 : meoeeal
= 744 . ~ MNasNe 52M  403M TET I ] 1
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[Suzuki, Abe, Murata, Horiuchi, Ito, Wachi, Hirai, Yukishima, Nishimura:
Spectral pruning: Compressing deep neural networks via spectral analysis and
its generalization error. [JCAI-PRICAI 2020]
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(BEEERA L)
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VGG-164%y b7 — 27 O E#HzE ResNet-504% v k7 — 2 O£

Model Top-1 Top-5  # Param. FLOPs | [Model [Top-1 _ Top-5 # Param. FLOPs |

— ResNet-50-1 7289% 91.07% 2556M 7.75G
Original VGG[68.34%  88.44%  138.34M 30.94B || |71 Net0 7204% 9067%  16.94M 483G
APoZ-2 70.15% 89.69% 51.24M 30.94B ThiNet-50 i71.01 % 90.02%]| 12.38M 3.41G
ThiNet-Conv [69.80%  89.53%  131.44M 9.58B | [No5>04 Iy VI
ThiNet-GAP |67.34% 87.92% 8.32M  9.34B | [Spec.ResA 7399% 0T 56% | 1238M 345G
Spec-Conv |70.418% 90.094% 131.44M 9.58B EesNet-SO-z y 75.21% gigl/”o %g?gm gggg
_ parse-reg wo/ ft — 25 : :
Spec-GAP |67.540% 88.270% 8.32M) 9.34B || |oiceregw/ft | — (1008% | 1078M 5956
1822 o /‘ Spec-ResB wo/ ft|66.12% \|86.67%| 20.69M 525G
AL Spec-ResB w/ ft |74.04% 91.77%| 20.69M 5.25G
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° y) % FIE%'TIEJ’;{J:O) E'ﬂﬁ% + r7 D I\ (e.8., 10-3). [Shinya, Simo-Serra, and Suzuki: Understanding the

Effects of Pre-training for Object Detectors via

— %,TE/J\ L 7- Z\‘ Sy, |\ 77— 27 DY [ X g L f{% 5 Eigenspectrum. ICCV2019, Neural Architects Workshop]
« ZTDH’R, AT TV 7-35 S5FE (S) b LLIZImageNetBERIZEET LA T 7

Fa—ZTF
I = = = — _ L
— = = = Network size determination alg.
= e 8 R - 2: Train the whole network to find
OH ' . e, 0* = argmin L£(0).
(@ s (b) * (0 * ) %64 0
S — — — — 3: Calculate eigenspectra St.,;.
?m = = Em 4: Calculate intrinsic dimensionalities d.,; by
Ezse E E E320 dl M= 1611(51 M > T)
= S = Tame T Tomae = 5: Determine new widths O7.,, by adjusting d ..
B0 necktock B = =10 6: Find the largest w such that ¢(w - Of.,,) < (.
Bo1 midcon. : : s 7. return w - 01 ;.
) Uog mn7conv. () T @ T (h) o,
Backbone Normalization Classification COCO (2x schedule)
MACs #params AP AP50 AP 75 APS AP M APL
ResNet-50 [35] SyncBN 38G — 345 552 377 204 36.7 44.5
ResNet-50* GN 409G 255M 35,5 55.6 38,5 213 37.5 453
ResiaxNet S3-50 (MACs) GN 406G 186M 354 554 38.6 215 373 452
ResiaxNet Z1-50 (MACs) GN 405G 21.7M 35,5 555 38.6 214 373 46.0
ResiaxNet Z3-50 (MACs) GN 407G 220M 354 55.6 384 213 37.8 455
ResiaxNet Z3-50 (params)* GN 492G 247M 358 559 389 218 38.0 456
DetNet-59 [35] SyncBN 48+ G — 363 56.5 393 220 384 46.9
DetNet-591 GN 500+G 183+M 362 56.0 393 22.1 383 46.0

DetiaxNet Z2-59 (MACs) GN 494+ G 174+M 362 56.0 39.3 225 38.1 46.0
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Double-descent (ZE&TF)
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- interpolation threshold
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Hastie et al.: Surprises in High-Dimensional Ridgeless Least Squares Interpolation,
arXiv:1903 08560

Y; = 5’3;5 + €
Ele;] =0, Var(e;) = 0%, Cov(z;) =% ||B]| =
c RN/ NVLER D f=(XTX)TXTY
(X = [xl,...,xn]T, Y = [yl,...,yn]T)
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[Mei, Song, and Andrea Montanari. "The generalization error of random features regression: Precise asymptotics and double
descent curve." arXiv preprint arXiv:1908.05355 (2019)]

Target: linear model Model: 2/ ZNN
M
v = (x5, 87) + € 2) =Y amn({wm,z)/Vd)
m=1

2
e 1 ¢ M
Random featureEF/L: a= inf ¢ =) <yz — amn(<wm,$>/\/g)> + FAHCLH%

=

M=

acRM n

=1 m=1
(Wi |35 > £ LIS L CEE, B8 (a,) OHFEB) o =g
M,n,d > o, M/d- 1/)1,n/d - Y, & WD R gzz /\ E?“ ?Fiiig
FRRENEITHICKRE S, (RLDOTEHRK)
— BEMZL< &5 EZERFETARENDS

‘ '
10 10° 102
i/ = N/n

[Ba, Erdogdu, Suzuki, Wu, Zhang: Generalization of Two-layer Neural Networks: An Asymptotic Viewpoint. ICLR2020]

“EBNNoxE, SEfa, BT L Tw, 2FE,
w, DFHIMED K E LIRS (NTK)— ZEETIRN D - om
Wy, DFJERED /N WKL (F3938) - ZERE T AL ..

INSBIHMED b1h 5 L EOBEBZ R T RNROXRZEE TS
RKERVBED RO D & H—FIE LR TEFEE L PT L

125 150 1.75 2.00 050 075 100 1.25 1.50
yi=din yi=din
(a) bias. (b) variance.



Implicit regularization (F2RYIERI{L)

« ZTa—Flxy FT—00FBTIIR4L [BHIERE] 2HW5 :
Ny F /) —< U+ —3 3, Dropout, Weight decay, ...

« RIFEFEOEBEHNEENICEAHT [BEBRIERME] RN T
W3 & LD ER,

Bl : gty h7—2
fy = wO w0 i

n

L
(L2ERIL %) W = argmin ;(yf—f(xf-))2+/\ZHW(“H%.

ETEORM&EERIFEZ 712745

WD = = WO = 97 (rank 1)

ETIIDEMI DA KEICEBIMNTLD
(BB D/N5 X — 53*5(>Lm2—>2m(7i< TR/ T A — X))

X IR EEABEED H 2 5EETRICIEBAINTLER L GEXIFEE)



B)EcE & FERYIER)L

c NS ANEED D B EZ RO D &/ IV L/
LR ICUNER L9 LW — 2R EAIL

HEEIC & B &aEdL

#HERE
(R D) St [HL] 17

% B DRFNNZ HRfE TGDd % &
RN ZIRRHIES NG,

[Gunasekar et al.: Implicit Regularization in Matrix Factorization, NIPS2017]

[Soudry et al.: The implicit bias of gradient descent on separable data. JMLR2018]

[Gunasekar et al.: Implicit Bias of Gradient Descent on Linear Convolutional Networks, NIPS2018]

[Moroshko et al.: Implicit Bias in Deep Linear Classification: Initialization Scale vs Training
Accuracy, arXiv:2007.06738]






ResNet® ODEf#ZFR

ResNetD &8 (3 FFH D HREAL D—R1E, B HEXDEEEUL & Aat 5,

dh;
M YL(hy) ohy
hj (=Ft)
[E, 2017][Sonoda & Murata, 2017][Li & Shi, 2017]
ResNet . . .
— ResNet& B AN & DXITHZ & T
152 layers| 28 - '_I%L'TJ% ﬁ\ﬁﬁiﬁ@%{f@ﬁ@fﬁ% Z\\ Y/ l\ ] — 7
y s D RE =B BAD S
— PolyNet, FractalNet, RevNet, Linear-
i ] 1o D Multistep-ResNet, ...
ﬁ | HHHHSH Hjjhuwlj] [Lu et al.: Beyond Finite Layer Neural Networks:
ILSVRC'1S  ILSVRC'14  ILSVRC'14  ILSVRC'13  ILSVRC'12  ILSVRC'11  ILSVRC'10 Brldglng Deep ArChiteCtureS and Numerical Differential

(Festet Gondtit e Equations, ICML2018]



ODE-Net

Bt
h; 1 = h;y + fo, (hy) dh( )

= fo(h(?),?)
ResNet - dt 9

ODE-Net
HEEALT A ETIRNTOENA—DDDORY KT —7
[

> — 7 ICERNINS,
ODEICT A Z & THNAHODEYV ILN—A2BHATZE 5.
> ANSICIGC CEEUbORIEAZ Z o5, (BORSHAHIEPE W)
Residual Network ODE Network
5

[Chen et al. Neural ordinary
differential equations.

NeurlPS2018 Best Paper.]

<3

o

) l #

1 ZOAEMEERE [FHiT->TW3]
LA L, ODERER AV L EEEZE D E

05 0 5 0= 5 0 5 =

Input/Hidden/Output

R CARYICE®RLAHY BEHTH DN T
Input/Hidden/Output | BELBERNULETH 2.



ResNet® 32153538 55 & 5@ Hl 1]

e ResNetiZ AT O HINFERE " TENTWS,
— FE | EERRIC L A EET T (HIBARESR).

[E, Han, Li: A Mean-Field Optimal Control Formulation of Deep Learning. Research in the

Mathematical Sciences, 6-10, 2019]
[Benning, Celledoni, Ehrhardt, Owren, Schonlieb: Deep learning as optimal control problems:
Models and numerical methods. Journal of Computational Dynamics, 2019, 6(2) : 171-198.]

o HEGEZRAW-ResNetDF195ICH T2 RmBLERAETDL H 5.

[Lu, Ma, Lu, Lu, and Ying: A mean-field analysis of deep resnet and beyond: Towards provable
optimization via overparameterization from depth. ICML2020.]



ResNetBE Qe 7 —RF57 4 75

[Nitanda&Suzuki: Functional Gradient Boosting based on Residual Network Perception. ICML2018]
[Nitanda&Suzuki: Gradient Layer: Enhancing the Convergence of Adversarial Training for Generative Models. AISTATS2018]



ResNeté Qi 7 — X7 14 70U

 Residual Network
A¥yTaAxoavEaFE ERGEE =2 —TILxy N =7,
BRI 2 X 7% TSOTA,

« Qg7 —RXTFT 1447 (XGBoost, LightGBM)

FRBRICOVWTOBBARICL 2T —RT 4 v IR (T oY > TLEEE),
T—RRAZVITROAVRT 4 a vy TRBEREINEET L,

A -— N — R
ResFGB=ME&DEEMHICEEH L7 —XT1 7 &
[ Veit, Wilber, &Belongie 2016, Littwin & Wolf 2016, Weinan 2017, Haber, Ruthotto, & Holtham 2017,
Jastrzebski, Arpit, Ballas, Verma, Che, & Bengio 2017, Chang, Meng, Haber, Tung, and Begert 2017. etc |

hjtr = hj + Fj(hy)

B2 B =HEH1 K E R

dh;
— — —_— ___—r E = VL(ht) Oht
— 5 7 e 7 (=F%)
9= Y
hjt1 = hj + Fj(hy) BrEND L ICENELSE R

(BA# R coOERRTHEE)



ResFGB: ResNetB Qe 7 —R 74 >~ 7% 139

[Nitanda&Suzuki: Functional Gradient Boosting based on Residual Network Perception. ICML2018]

e« ResNetD$¥FHE#BR -G T —X T4 7%
AFEORRESR) MNL(P W) =Ery [[WT (), )]
B RGIZDO WL, (P) = mMi/n L, (o, W) DB A % FH L =& E1L.

BBV L, (P) 1 FHRT — X DFEFE ¢ (x) DIRTE D4R h=¢()DZEMRE
AlgEEZ M ESE 57D HEDEEN,

KT —RIERY 5 ICITFBREADE.

= H—F k(e x") = () () TRHAD. \

UINNTHDLBBET A5 X5 £ HFE.

TV Ln($) = Bry |V La(@) ()" ]t(cp(-))

EETZ7 Ay B I N BRI
EV AR LERLAWVWRY BICERBEEDET M,

= {9 (), y} DD IETE

ResFGBO =

B 7 —A T4 v 7 D—x{E=ResNetd BB,
EAMZEECOREILOBEaNr LY —Y D OE/NMLERE 5,
- HLWHER7—XT 14 7 DEBHICE D WIS LREET £ EEResNetDFH,




IR F;ikResFGBD #{iEEER

P~ KIFRT — X TOLEFHFHEE UTOFELE LR,
Random Feature + SVM, Random Forest, Gradient Boosting (LightGBM)

METHOD LETTER USPS IJCNN1 MNIST COVTYPE SUSY
0.975 0.954 0.987 0.985 0.968 0.804
1220 £ RESFGB (LOGISTIC) (0.0016)  (0.0006) (0.0011) (0.0007) (0.0017)  (0.0000)
RF RESFGB (smooti tixee) 0973 0.950 0.988 0.987 0.965 0.804
0.0012)  (0.0022)  (0.0018)  (0.0010)  (0.0058)  (0.0004)
0.959 0.048 0.977 0.969 0.824 0.754
SUPPORT VECTOR MACHINE 665y (0.0023)  (0.0015) (0.0041)  (0.0059)  (0.0534)
0.964  0.939 0.980 0.972 0.948 0.802
RANDOM FOREST (0.0012)  (0.0018) (0.0005) (0.0005) (0.0005) (0.0004)
0.964  0.938 0.982 0.981 0.972 0.804

GRADIENT BOOSTING (0.0011)  (0.0039) (0.0010) (0.0004)  (0.0005)  (0.0005)

SOTAL 2B LightGBMLL L DIEFE % FESR.
KOHDT— R TIIHBRETINER, BEOAR T —X 74 27 &Y ENEREL.
T BEMARDFEBILDODEADERERIZL S

letter usps ijjcnnl mnist covtype

1.00 1.0 Susy

1.0 1.00 .82

D80t /

/ — train

- - test

o5t - post

accuracy
o
w
accuracy
o
&

0.8 L10.90 .90 - 0.90 0.8 L .78
0 5 10 15 20 O 1 0 5 10 15 20 25 012345678 0 10 20 30 40 50 O 1

iterations iterations iterations
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IRRXBEHERIME

min L(W)

(Wit +1{ExT)

BE, ERNIECRETETRENY

L(W) 1

REZ21—FNW3xy NT—0%T —
RIZT7 4y bIEDHER?

- Ly
i !

& HBHDOT—&ZTEMRL UL
W: A — Le N
" ~ NE L, BE->TunIFKREL

BREH T —X~ADHETEXYVESEL

%

=
il
i |-
&



a2 LR

@ fl,Wl ;/‘\ f2,Wg ’Q fS,WB .

1w, () fa.w, © fiw, () f3.ws © fa,ws © fiw, ()

C

5 fun (@) = A(Waa) |

YDk
[ W) = f3w, (fo,w, (f1,w, (7))
= f3,ws © fo,w, © fi,w, (%)
BB DM
of (z) = 0f3,w; 0f2,w, Of1,w,
oWy Ofaw, 0f1,w, OWq

()



EFETCEITEOLN D EXRN&EEE"

e SGD
o E— X% L SGD (Nesterov D JIiRE EFAML, —FBLISHAHINTWVWS)

Aw, = 0Aw,_1 — (1 — 0)ng;

W1 = W + Awy
o Nesterov DNIEE (MBI BT AL L AR, T A =X DOHFEITELD)
g = VL(w: +0Aw;_1). Awy = 0Awe_1 — (1 — 0)nge. w1 = we + Ay

e AdaGrad (Duchi et al., 2011)

e Adam (Kingma and Ba, 2014) : AdaGrad & IiEEZBAGOEL LD 4T
/K. AdaGrad &3\, BELD/ IVAZBESETIRIEAD. E—A VXL
SGD LA T K fELNT VS,

® RMSprop (Hinton et al.) : AdaGrad I(ZEWTHED /LA Z BRI ETH
Z B 5 T3iA.



[l =

B EUD I T B X

B 0F (x) + (1 = 0)f(y) = F(Ox+ (1 -0)y) (v¥x,y eRP,0<]0,1])

W\

"
P > / X >
™ T
B ERIEE = KN REE ISkl p 57 DR P i)

FRFTEEE PRSI X DR Y

W Ry FT =7 DFEIINP-FE:
« Judd (1988), Neural Network Design and the Complexity of Learning.
« Blum&Rivest (1992), Training a 3-node neural network is NP-complete.



R RE

HIETE OB RBEIEIEN
TR B A2
NI B A2

« SRIERENND BT RIERE X2 TRBIIRER
Kawaguchi, 2016; Lu&Kawaguchi, 2017.
X172 LIKRITIBEENND A,

— BRADAENFERE CTCHE I LDOERELEINTWS
(Yun, Sra&Jadbabaie, 2018)

« K7 > 71T O RTNRIER L2 T RER &I
Ge, Lee&Ma, 2016; Bhojanapalli, Neyshabur&Srebro, 2016.

. Ty )2
min > (Yig = (UUT)yy)
(ij)EE




Loss landscape
« EIED L WNNDFIFRERZ (T XA L 7o fHFf s

=

X
BRAA . (PP BRI AR -
73: 75\ > TW %) ) XK ENTWR, AFSETRERNRERER ICENER D ISR FRE.

E I
nBDIET — X (x;, y)L 5 oNTWB &%, BRBHLIE
B & T B,

FEOERAEELCEBICOWT, BEAT -2 A XLV EWN

(M =n) ZEBNNfow)(x) =XM1 am n(wex) 23X T 2 FIHRERZE
L(a,W) =231 (i, flaw) X)) DERD L Nty b OIIGERS
A KIBHNREREZES., EWRX 5L, FEDORREMRIL
\ BB ER T 3. J

[Venturi, Bandeira, Bruna: Spurious Valleys in One-hidden-layer Neural Network Optimization Landscapes.
JMLR, 20:1-34, 2019.]

\ ZHIEAE S AL /

(D75 TLE L)




— =L

BAXETET DT

(Tian, 2017; Brutzkus and Globerson, 2017; Li and Yuan, 2017; Soltanolkotabi, 2017;
Soltanolkotabi et al., 2017; Shalev-Shwartz et al., 2017; Brutzkus et al., 2018)

i & E %b@%@ﬁ?

ITI [

_EHgHD

e Liand Yuan (2017): RelLU, ABIZH Y ADFERE
>SGDci%lﬁﬁﬁ%&ﬁ’éﬂ(iﬁ/ﬁﬂ’\]?ﬁi@ﬁﬁtﬂﬂﬁﬁ
FEDOXAF I U ANF2ER[E
S RBRD B~ D AR + W5 T D il BB
« Soltanolkotabi (2017): ReLU, ABDIEH 7 ADNFHEIRE

> B E (EE>SY > I A4 X) A b’jﬂa/fffiﬂﬁ¢ = SANED
(Soltanolkotabi et al. (2017) 1z ZFFEELEE T L Vs WG

e Brutzkus et al. (2018): RelU

> IR DBt BE T T — X T2 LB E A l\'7—7’C§jJ75\L7L‘SGD
NI EERA ICHERETINGE L, ﬂ”ﬂjb

R/ x—t 70 By oBEmICHh L Y IKRTE)

]]H'

Li and Yuan (2017): Convergence Analysis of Two-layer Neural Networks with ReLU Activation.

Soltanolkotabi (2017): Learning RelLUs via Gradient Descent.

Brutzkus, Globerson, Malach and Shalev-Shwartz (2018): SGD learns over parameterized networks that provably generalized
on linearly separable data.




F—=N=NRFGRAF7A4E€—-ay

EIERAYA W & BRTEEAED KIgNREREIZR 5.

RIS/
/SIS /

L(W) Y-

HHED LA B0, WHED,SSER \\ /
(R27 4 v ~EELPTL, NA\VAVAWA NS

« TR DR =

=

> Neural Tangent Kernel
> Mean-field analysis ((E¥935#247)




fw(z) = Z ajn(w; )

g=1

 Neural Tangent Kernel®regime (lazy learning )

> aj = O(l/VM) [Jacot+ 2018][Du+ 2019][Arora+ 2019]
« SLITIZERNT Dregime
[Nitanda & Suzuki (2017), Chizat & Bach
> aj — O(l/M) (2018), Mei, Montanari, & Nguyen (2018)]

MENTKDO1/ANVMBWRIEZ Z £ TRETIH AL, 1I/MEYKEWI EHNEE,

HERIL DR —U v 7l &k ->T, FEE L L
NTFEHIZLE>TEHLLKKZZIDEIEGHEDL S,
- 2BEDOXA S IR, SLEREICEE

(FEATDH L THED)



NTK

fw (@) = (W = WOV fiyo ()

MEED X T —IILARKREWD T, FWEHMEREY D
SRl CT—RIZT7 4y PTETLE D,




NTK & J1335 08 L

M

_ , T n:ReLU&EF 3. a; =0(1),w; = 0(1/VM)
fw(z) =) aﬂ["(wﬂ xj 7w, = O(1/M) & R — LI5H

j=1

cBw D0/ M) TZIFENTIE, e LTO)DEA(T—XIZT7T 4y FTES),
EIEIL T+ ARKE <ELD: M >» n (overparameterization)

NTK : #EXRIZE /) Eig18  HRE(LK

TN A — & w —w? W — 0
h v A — A

1/vVM 1/M /M 1/M
STy T \
o) ()
| (t) (O\T (0T | M EZHARKRENDTT A7 —
= (w; W ) 5’777( T) | BRMNTE 20,
' — KNERIC SO A AN
T N T_@_%ﬁi@/; EXECOIRE I Pl AP
TAT—RRAICKVIBLET L ERBED (RERAYIC L RBIL TH R LA,

—H—FILEDEBHFIZIZETE S 77 LTS O IEEEEAMRIE S s L)



Neural Tangent Kernel
SR A F IO REEZD,

M « a; IZEE
Model :  fiw(e) =D am(w;Te) ) g
j=1

[Jacot, Gabriel&Hongler, NeurlPS2018]

% = —ijﬁ(fw) (Gradient descent, GD)
1 <~
T n Zgi(fw(l’i))ajij n(w; ;) Vun(w; i) = i (w; )
=1
dfw () :ia'VT ﬁ(wa)% 0(1/M) -
P “a LTS im0 R
(BESEIC y
£ 2 EH) _ 1 z (Z a?vljn(w;x)ijn(wywi)) O (fw (z4))
n— \ = residual
\ v 7 (BB
kyw (x, x;)

Neural Tangent Kernel



B RIBIZN D 2 &

dL(fw) 1 <=dfw(zi) ,
dt nz i

_EHVJCLQCW)HKW

1 n
< _)\minﬁnva(fW”P Ain : 7 7 LT3 O R/INEE1E)

[Du et al., 2018 Allen-Zhu, Li & Song, 2018] )
L- 52 & LATEHL L THTIE, Koo > el AEHETHIL

« REMLORFICR/NEBBEIZEDEE (= €/2).

J

B SRR (exp(—Amint)



7 X LYIHAE ENTKD EEEH

T

Keoij = EwwN(O,I) [5’7;333'77/(”“] mi)nl(le’j)]

(ENE R K DNTK)

H%H =1, Hﬂ?z — CEJH >0 = K= C(bn—?

Hoeffding D A~"F= L V)
log(2/0’
P (KW(0>,¢,j — Ke.ij| < \/ og2(]\§ )> >1—¢

— RN R AR - T
log(2n?/§
P (HKW(m —KOOH% < n? Og(2]7\7/4/ )) >1-—9

TOEEMA LT NIE, 7> % LHEME L 7:
K, 0@ IEEBHENMRIES N5,




Optimization in NTK regime

LUFD &S IZHER LT 5
~ (+1)r (4, — is generated evenly)

* w; ~ N(0,1) Zam (w; @)
Theorem [Arora et al., 2019]
M = Q(n?log(n)/Amin ) & 9 NIE, DELEIC L > TKREBRIE

BEEEANKRIZUNEER L, £ ONERE] j:\/yT(KW(O)) ly/n
MmAons,

See also[Du et al., 2018; Allen-Zhu, Li & Song, 2018; Li & Liang, 2018]

o AEREREQDERICHRIFUNER T 5.
e NMLEEDL—IIPZ LN TS

« T—XIC 74y FSETLEYDDTHEBFEORGEEDL Y.
« Early stoppmg)PIEE'Hlﬁ%J\ﬂ*L F@BFEEZHIT D, (k-




Spectral bias
°E—1_ﬂ$0>§ﬁ575\ [XoverparameterizationlZ®

ICRZ 5.
,Mt REIFEDTHAHH?
NTKD EHED
— d=10

Qi
= 1073
{87
=
5107 |
= nxns 5 LATFHIOBANEEE M)
~ 1079 \ .

0 n 2000 10000
k

« 77 LTI D ER/NEBEIL/NE L (1/poly(n)).
c EBEDORD L — MEZENXF — X — @H+28).
— Spectral bias: ML D EBRTIEEFE L L.




KernellC X 3Bt WHR=

- Frechet % in Ly(B,): V/L(f)

ViL(f) = (G(f ()i

L(f+h)=L(f) + (V4L(f),R) Lp(p,) + O(HhH%Q(Pn))
- EEkiED1ERA %!

Tif(z) = / bz, 2 ) (2')d Py (2')

|

TquSj — Mj¢j
[ NTKICH 1S 2 DR IZEHARE FEL L1 b o: )
d R
% — _TkWVfL(fW> o = R
\_ (= —% izt kw (- z) G (fw (24))) )

kD ERRADIS/N S BEREZF T, Ty, ($FBEIIFRAR
& LTEI< — IEMBY/N 4 7 X (inductive bias).




NTK regimeTaHSGD .

T, fuw (@) = —— > a0
(We train both of firsi;nd second layers)
=L:pleake T
L(a,W) = E[(Y = fow(X))*] + 3 (lla — @) + [|[W — WO 13)
HAfSiaR HAED S DT Hh
Y=f"(X)+€e Vaxnyoma)
4 Averaged Stochastic Gradient Descent )

fort =0to’l" — 1do

Randomly draw a sample (24, y;) ~ p

Perform SGD update for all j € {1,..., M}:

a§t-|—1) — ag.t) — O [vag(yta fa(t),W(t) (wt)) + A(a(t) — a(O))]

W7'(t+1) — Wj(t) — O [VWg(yta fa(t),w(t) (mt)) + )\(W(t) — W(O)>]
end for

Return a(T) = - Zf:_ol alt), W) = s ZT_l W

/

\_




NTKICE 1T 5 RFIFRZE DEWVIUR

[Nitanda&Suzuki: Fast Convergence Rates of Averaged Stochastic Gradient Descent under
Neural Tangent Kernel Regime, 2020.]

RE  EOBRMHANTKOEZLRKHSICA>TWA ET 3,

NTKERE CEv)a E b2 AN/ZSGDIF“ ‘ZEBWFEHL — k7

ZEKTZE D,
— NTKI(Z £ %2 smoothingd EH (7.

Thm GEWIRERL — K) ™
fr: TEIEHR DR NTKOEHBBEDR=L — b

{_A_}
§ _ _2rp’
Ellfr — f112,] < em + O(T~ Z#+1)

\ =4 >3] l/—'
M — o TOICUNER T 218 BNFR "

K (0(/NT) & V)W) /

__2rB
— T 2rB+1 [Ty 7 AL — .
(BIE/RXT A —RDERRITR~R—JIZEE)




R %E

2 ENNODONTK:

koo (2,2") = By (0D T 2)n(w @ T 2")] + Eyo [ (0O T 2)n (w® T2z "]

BHiIgERICH T 5B ERE:
T f(@) = [ hoola') f(a') APy

population
2R SUHIR: Thodj = 195, koo, a') = 3001 pnio;(x);(a)

c f*(x) =E[Y|X=x]DRDLHIZEITS:
T,fooh = f" B DM DB
for h € L,(Py), and r € [1/2,1].
- EHERESG: H— ZILEH O
uj = o(j~F). e

H—xIL Yy PEISOREITICE T 2 RENLIRE; see, e.g., Dieuleveut et al.
(2016); Caponnetto and De Vito (2007) (ro &FIE DX 5).



N : NTK o E A EES B 7
boel, ) = 2 Anfn(@on (&) g e BB La(BORO
m= FHREXEE,
NTKD [E B 1ED
— d=10
5 w° EEONTKOEHEILZER
g{:luﬁ 7“__52\\_'(\\;\}36%——;_%.
E [Bietti&Mairal (2019); Cao et al. (2019);
T 107 Ronen et al. (2019)]
0 5000 10000
k
s BRRAS DB HRES NS,

Z D&, SRS DR ICH

//w iém.

—
S




Beyond kernel
FIRES : NTKIZBATA LT WA, BRI —FILED

BRLOCTREFEORE HPEAL,

> NTKZ [ AHTIERDOHAADN WL DAL INT WS
(SHEENTFEEIND)

« Allen-Zhu&Li (2019,2020)

Allen-Zhu&Li: What Can ResNet Learn Efficiently, Going Beyond Kernels? NIPS2019.
Allen-Zhu&Li: Backward Feature Correction: How Deep Learning Performs Deep
Learning. arXiv:2001.04413.

(ResNetBdxy b7 —2 TH—XILEEHMT 2R0)
e Li, Ma&Zhang (2019)

Li, Ma&Zhang: Learning Over-Parametrized Two-Layer ReLU Neural Networks
beyond NTK. arXiv:2007.04596.

(T Y NDBROERTREFEN D — 2N EEET D% RLT)
« Bai&Lee (2020)

Bai&Lee: Beyond Linearization: On Quadratic and Higher-Order Approximation of
Wide Neural Networks. ICLR2020.

(ZRkOoT47—ERETED)




P15 RET

e Za—TJIIxy N =7 DFEBILZ/NT X —X&
Dot & L THERT.
fp(x)

M

1 M — o

f(z) = Vi § ajn(w; r) —— | an(w’ z)p(a, w)dadw
g=1

W) (ow) BT IHERTENICL DT HRBES:
fOFRE & pDEE

ot

[ 0Pt _ 7 (ypy) s A e ]

Wasserstein & g%

[Atsushi Nitanda and Taiji Suzuki: Stochastic Particle Gradient Descent for Infinite Ensembles. arXiv:1712.05438.]

vi(a, w) ——ZV @wy(an(w' )l (yi, fo, (2:)) (ERFIXDEET 5 A~ E)



MMD & DE%

MMD: Maximum Mean Discrepancy

[Gretton et al., NIPS2006]

EX[(fV(X) - fV* (X))Q]
—Ex [//an(wTX)a’n(w’TX)(du(a,w)du(a’,w’) — 2dv(a,w)dv*(a', w’) + dv*(a, w)dv*(a’, w"))

= / / Ex {an(wTX)a’n(w’TX)} (dv(a,w)dv(a’,w") — 2dv(a, w)dv*(a’,w") + dv*(a, w)dv*(a’, w"))

%/—/
k((a' W)’ (Cl', W,)) — <¢k (Cl, W), ql)k(a', WI))?‘[k

TEEMEH—FILIZHE>TWS,

=(E.[¢x(a, w)], By [¢r(a, w)]) 2, — 2(Ey [dr(a, w)], Ev- [pr(a, w)])#,
+ <EV* [gbk(aa w)]v Ky [qbk(a’a w)]>7-tk
=ﬂ|Eu[¢k] —E,» [qﬁk]llik} :MMD omemte, v & MMDE/MY

[Arbel et al. arXiv:1906.04370][Sonoda, arXiv:1902.00648]




ALF B ECRE T %

M BT a—AOYVDINTA—RE—DDH F & AT,
f(z) = Vi Z a;n(w; x) %*ﬁ??ﬁ“%ﬁ%%i@ib@“ﬁﬁ 12BN T & T BRI =
j=1 N/ B I N5,
12> DR F

T—RZA~ADYETIFFY %
BLT57FmICEA

v

U
(BRI FOBEAA : FEEAHRA)

M1{E D HLFH ¥ B
M - coDIREE T, FTHEEENDINEAFL Y ILDFELH 5,

[Nitanda&Suzuki, 2017][Chizat&Bach, 2018][Chizat, 2019]

[Nitanda&Suzuki, 2017]

JAZXBHYDEAF I X McKean-Vlasovi@iz
[Mei, Montanari&Nguyen, 2018]



WassersteinfEgf (C DL T

KU, VEE%EZE ﬁfﬁ (X, C) i @EEY—li;\/ﬁxug(ﬁﬁxti%landﬁﬁaﬁ)

mell(p,v)
N, v): BADHD u,vTH X x X EORFEITmOES
BN % EFE L 7B 9% O+ e/t
(X =R c(z,y) = ||z —yl))
e DT DYIR— AT N TWLTHwell-defined

« EEFOIEARIRINTUNDS
X KL-divergencelZFEBEN R S 1L 75 W,

(Wt 3RIR: KantorovichX)
inf /C(x,y)pdﬂ(x,y) = sup {/wdu+/¢dv | Y(z) + P(y) < C(w,y)p}

mell(p,v) ¢

Wy (p,v) = ( inf /Xxxc(:c,y)pdﬁ(x,yol/p

[#XPERE] CHEDHND




W, iB i & BF o) BcbE T iz DR

W,IEB Ik 2R TILNITY RLEEZD : £,0) = [ h(w, x)dv(w)

(SlE+n/haned 3)
Wz )
L(V) 2é57lj>

o )]

~ <e’ (/ h(w,X)d,u(w)),/h(v,X)d(u—,u)( L2<P> + it V)/ ”w_””2d7r (w,v)

\ 7
vV

=:A,(X)
o |w —v]|?
~ 7T611115;’”)/ <<Au> h(v, .)>L2(P) + % ) dm(w,v) + const.
\ %
e
VICOWTERAIME>Bw T & ICvD RS Z &=/IME —DiracllE (" BATAYIC5RMD)

. lw —'|?
v = arg min {(AM, h(v',-))L2(p) + . S
v’ 25 o EX;%\ lgé_l:-;f

~ w — V. (h(w, ), 0 (fu))

e BRIFT EICHDEBEMETZETE
o PN FHBCPET HEIIW, B = mEIEE Li-aEa 7/ Ol X L O—Ra1L
— § - 0DIR[R (EHchFHE) : Wasserstein gradient flow




EDHIEI & BECT

\ &+ 0O —¢ 0 =
[EE D A2 g = V- (vpr) DERE

i / Fw)dpy(w) = [ (Vf(w)) ve(w)dps(w)

:_/ﬂMMVﬁWM) (Vf: a3 bHER—F, €°-#k)

o 5, pldBEBRT:RE > RUCK Bp,DIELELTHDET D pp = Trupo.
DEY, w~pllWTBT,(WDDFHp, THBHET B,

 BRT,EERT 50 FLEE L (W) = v (T, (W) £ 5.

E/ﬂ@@NUZ&/fﬂwde) Pt
Caxin)
/Vf Ty (w Tth po(w)
— [ Vs ) Tumw)am) i A
.”".”@'t
/ Vf(w) To (w)dpy(w). GBS DHIZ)

Wy = Tt<w> XL, vi(we) = ~Vu (h(w, ')>£l(fpt)>‘w=wt EL7=2DDFIR—T DEFH.



i€ 3E

* pt = Trupo

¢ (W) = ve(T,(w))
« HBP, VT, =V, EEITDHET B,
Z D5, LUFAEY ILD:

m Wa(pigs, (id + vy ) %pt)

d—0 ) =0

FMIILLT =z 0R:
Ambrosio, Gigli, and Savaré. Gradient Flows in Metric Spaces and in the
Space of Probability Measures. Lectures in Mathematics. ETH Zirich.

Birkhduser Basel, 2008. Ot A\ P45




Brenierd FE

Do, Pt M FEXRBRE B DR, LITAEY ILD:
W22(/007 /01) — inf EXNPO[HX — T(X)H2]

T:T%po=p1
o InfZERT 2BRT DEFET 5.
« Lhb, HEAMBEEYNIFEL T (x) edp(x)EEIT 5
s ZOT*ZRIEEIEEHRE WD,

Benamou Brenier formula G&E#oHRER & W, IBEEDEIR):

=SEHOR N
W3 (po, p1) = mf/ HUtHL2 dt

{vt }e
7272 L, infldpyh bp ~EFRDHFEA T ELS v,
STORENY b LR B LTINS, .T/f""
° pt = Tt#pO Po '/(»ﬂ.

1 (w) = vt(Tt(W)) /O—'/




« Wasserstein A B R IZW, BEEfE & A LN - m 7

L3 XL TEED Tbﬂ% YA S T

» HRVEBE A W2REREICBE 9 2 (Lt (displacement
convexity) DR LD 5, KBHEEED
INEHATRED (xvrne—ne)
W, (pe, p*) < e MW, (po, p*)-
« LA L, NNOE@EL TN MEIZEY S27-70 0,
Z D12, RBINERZRT I ENEHL L,
e Lot hH, BEIARICIZTOYMEA R Y I B D 5.

B © R/N— XL EEE  [Chizat, 2019]

4
VY




T IE (Nitanda&Suzuki, 2017)

HAHBAN DN N EOHEREBRERBZFHEDOET B,

ZOR, HHu* st L(u) <L(DHFELT

« supp(u*) € supp(Q) D DutlIFERBE Z D, or

o uHIBEZFFT-9 supp(ut)Zsupp(Q) ICHEBICE T2,
AmlcdNbd &E, BTIFARNFEL CRTFETEICK > TERE
BEZROT I ENTE S,

% ||

CDLDHBIEEIEET AmIZEN




IG5 R & BERY

IERIME

—fB ilf'J%'J%exp—i%ﬁi%ﬂ% WTHEREL (SR ARBELETD):

m1n Z exp (—vifp(x))

ﬁ%ﬁ ﬁ'JF“ODEP’Cﬂ—lJt

PGSR DR E CTREIT .
FIHERED NS LW TRl

0.5

0.0

=0.5

;”“’3 ..:1

\.{-"'
aaf’

0.5
0.0
0.5

-0.5 0.0 0.5

— RIS—RR

=72 L folz) = /n(wa)dp(w)

ICHBER—a—A VTN [EX T3],

g % |

&

2:[j4

i i)+

[Chizat&Bach:Implicit Bias of
Gradient Descent for Wide
Two-layer Neural Networks
Trained with the Logistic Loss.
COLT2020.]

miELDfER E LT [TEHi%]
BRI ->TLED.

IR FEIFLI-IEA{p~ — 2 Y BRI TICINER T %!

min  y; f,(x;
pillollzy i€{l o} pi)

max

el 7,

= |p|(R?)



c NS ANEED D B EZ RO D &/ IV L/
LR ICUNER L9 LW — 2R EAIL

HEEIC & B &aEdL

iAe
(Rt s [Hi7n] @

% DIFFENNZ IR TGDd 5 & “ R/ — X 75 fR”
NEoNns,

Gunasekar et al.: Implicit Regularization in Matrix Factorization, NIPS2017]

Soudry et al.: The implicit bias of gradient descent on separable data. JMLR2018]

Gunasekar et al.: Implicit Bias of Gradient Descent on Linear Convolutional Networks, NIPS2018]

Moroshko et al.: Implicit Bias in Deep Linear Classification: Initialization Scale vs Training
Accuracy, arXiv:2007.06738]

| I s B ey B e |



Fregimelc BT 3 PEHIIERIML
Zregimell BT 52 ERI DIEFE

Regime | 3163 3 EA

NTK, 77— L& with

-1EAl
early stopping L2-1ERI1E

|-

e Ta—JIIxy NT—0DFETIIFKRASE [BHIEANMEL] #HW5

Ny F ) = 7')—b > 3 >, Dropout, Weight decay, MixUp, ...
« —AT, FEBRFEOBENBINICEALT [FERIERME] 388
WTWBEEZLND.

= F—=N=RIAZFTA XL THBEFE L AW,



/A XH ) Bfigik & KIBMNREE




Sharp minima vs flat minima

SGDIF 77 v FERBAIRER]| ISZBPT VLB AbEsEZRT
EWDER

Training Function

.
[ i Testing Function

- 5,-f’ S : : \ ¢ :
~_ "k — : : o)
g U, - . 9 AU

Flat Mmlmum Sharp Minimum
Keskar, Mudigere, Nocedal, Smelyanskiy, Tang (2017):
On large-batch training for deep learning: generalization gap and sharp minima.

|
O =01 —an | 7> Voll(z,30) cT75y b &V B EER DR Y
| j:1Y / FHIZELBADSLEBRARLE U S )
(Dinh et al., 2017)
~ AN\ ’
= FR T -PAC-Bayes|c & % #1#7 (Dziugaite, Roy,

= FVELIF—71E7 Ty FEREEIC  2017)
EEEYRTL



/A RICKBEFLFR b

Original function f f convolved with [—0.6, 0.6]
15.0 A 121 == OISy region
12.5 - 10 1
10.0 - 8 -
smoothing
7.5 1 6 -
5.0 4 4
2.5 1 5 4
0.0 T T I I T T T
-2 0 2 —2 0 2
X X

[Kleinberg, Li, and Yuan, ICML2018]

BEENAEZAWVS = I/ A X%ZFETW5 > BRBEKOFESRIL
Ty = xt—1 — N(VL(wt-1) + &) (y¢ = o + &)
= Yt = Yi—1 — N&—1 — NV L(yi—1 — n&i—1)
= e, _, Y] = Y1 — nVEe, L(yi—1 — n&t—1)]

/A XZMATEBILL-EHRWBEE L(y) = Ee, [L(y: — né&;)] ZE&E1E.
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BEERFZE: Graduated optimization

Graduated non-convexity

Blake and Zisserman: Visual reconstruction, volume 2. MIT press Cambridge, 1987.

Gaussian kernel & @ & A IA & W/\/

Z. Wu. The effective energy transformation scheme as a special -
continuation approach to global optimization with application to molecular
conformation. SIAM Journal on Optimization, 6(3):748-768, 1996.

« Graduated optimization :
Hazan, Levy, and Shalev-Shwartz: On graduated optimization for
stochastic non-convex problems. /nternational conference on machine N
learning, pp. 1833-1841, 2016. . -
og-nicelEDEA, ZIEAF—X—TOUNR, . .
\ /
LS(X) f— Eu~U(B(Rd)) [L(x + 5”)] \\ =~ / d=0.5
B

— 6 =0.25
Survey: \\\./\/

Mobahi and Fisher Ill. On the link between gaussian homotopy
continuation and convex envelopes. Energy Minimization Methods
in Computer Vision and Pattern Recognition, pp. 43-56, 2015.



GLD/SGLD

e Stochastic Gradient Langevin Dynamics (SGLD)

L(z) = — i (
min L(x) ;gggnz (k)

( l__/mlr— \
dX; = —VL(X;)dt + v/ 25 1dB; (BBELangeving 71%)

Ewats: T oxexp(—BL(X))

\ _J
il [Gelfand and Mitter (1991); Borkar and
Mitter (1999); Welling and Teh (2011)]
GLD: X, 1 =X, —nVL(X;) + 2n81& (Euler-Maruyamasf{il)
gt ~ N(07 ])
SGLD: X;.; = Z V(X)) + V20871
ZEI

\_ J




Gaussian noise

Gradient descent



IREE (FRXIT)

/e f:HR, Lipschitz@fs, &5 7RG
1lilloo <A, [Vlilloo < B, ||Vli(z) —Vii(y)|] < M|z -y
. BUREHE:

(VL,w) > m|w|*—b (Vw € RY)
\_ (+ ZOfH LR

~

/

[Raginsky, Rakhlin and Telgarsky, COLT2017]

E[L(Xy)] — L(X*) SC)((B +d)(1+ 0" )kn + B\;—:l exp (‘Q (5(2*?6)))
+dbﬂﬁ+n)

B

e LIFARIT PMILFrvyTEEONDE,
— RITdCHRE /N T X — ZBICH L TIREEI Y IS UKTE,

o WRENT A=+ RELT, BFfZ T2 EHEE L REF(IICE
PIVE-S

« Xuetal (NeurlPS2018) |FUXRL — FZHEL TWLWB A, EFRBEICWLWDHD
BEWNDH Y







Y3#SobolevAER

Too(dw) o< exp(—BL(z))dr 1 EFEKEX A F I 7 XDEEDH

1. BURSEH —roncarenTzst)
{2. e
mm) i SobolevAE

dv = f dn,  (probability)

\V4 2
/flog(f)dﬂoo < QCLS/%dWm (D(vV||7eo) < 2¢e1sI(V||s))

mm) Geometric ergodicity |y s
D(pt||moc) < exp(—2t/cLs)D(pol|moo)
TE & 7 B ~NRIINR

[Bakry, Gentil, and Ledoux: Analysis and Geometry of Markov Diffusion Operators. Springer, 2014. Th. 5.2.1]



D HEABFV

c DN T T a N VBN NFICIWINT DB D HIET
Opr =V - (PtVIOg(Pt/Woo))

e AT v anNvEAZRIFENT FAaE— (KL-2 4
IN— > R) &#Wassersteina i @b L TWA D

(XTI
d
D(pl||Tec) = /log (dwp )dp

Remark:
BED (agcrn) T bOE—(dW,-FEEICB L ¢ (displacement
convexity), DF Y, W,-iEEEICEY ZRIMIR ECIMEERIC A B,




R R IT A DHLIR

[Muzellec, Sato, Massias, Suzuki, arXiv:2003.00306][Suzuki, arXiv:2007.05824]

min L(x) H: Hilbert space

rEH

‘ EAIE

in L M|z || 5 “smaller” Hilb
;Iél?r_tl (ﬂ?)—|— ||33HHK ﬁKS(LnaHel“ i er;zace

Ex.
« H:L(p)
o My BERKEILAIL 22/ (e.g. SobolevZE )

N

SRl

BERDRE: KEHNRER I IH TToIOETE 5.

E.g., Bayesian optimization on infinite dimensional space

[Zimmermann and Toussaint. Bayesian functional optimization. AAAI, 2018]
[Vellanki, Rana, Gupta, de Celis Leal, Sutti, Height, and Venkatesh: Bayesian functional optimisation
with shape prior. AAAI, 2019]




¢ 7,

Fl: NNOFEE

B2 —JI)pxy T —7

ldea: " DFE — FXEBEHRDFEE

\_

" Ww.RY R
Jw(z) =

W& La(po) )
/Rd UJ(’LU)O'(W(’UJ)Tx)de(w) “|iftn

/R a(w)o(wz)dW oo (w)

J

|

fp(x)=/Rda(w)0(wa)dp(w) min L(f,) — min L(fwy,,)

LIRTDERER

I WeH

|

Lo







2ENNDFE: BRI B

Nty

L) = =3 i) + ZIWIE
fw(x) = Z%U(’%‘Tﬂ?‘)

j=1

{0 a; <3 7 fory>1/2

e 7) is a smooth activation, e.g., sigmoid.

A NTK & ZLU, ajii?\—ﬁﬁ/ff

ICHEBICHIRFSET RT —
N IVEBETE 2.

Dot e%
R (TNKlda = 1/VM & § )




A : i

7’[}(%7’[

A 2
dX; = -V (L(Xt) + §HXtH31K) dt + \/%dft

@) ©.@)
J VL For x = Za:jfj € H ,welet ||:BH/2HK = Zu}lx? where pij ~ j 2
j=1 j=1

Cylindrical Brownian motion: &, = 32, &, f;

L%
(" )
Xnt1 =95, (Xn —nVL(X,)+ 2%@) (577 = (I+77)\A)_1>
| CERMEUler2 % — 1) A= diag(py s )

En = 0 Yn.j f; where v, ; ~ N(0,1) (i.i.d.).



E B0

A 2
4X, = -V (L(Xa + §||Xt|\iK) at + \fgdgt

s = N(0,C)  (HilbertZf LD A~ Z2612)
where C' = (8\) " tdiag(po, p1, ... ).

Too(T) X exp (—BL(x) — %xT01x> ERRRL THRL.

(ERRRTT) ARSIy anvEhEoEENHIT
A RBEZFIHEZHAVWERA AEZETBICHIRT B.

— i@.f—f‘—%‘ %Bﬁ 35):“'3-;_ A [Suzuki, arXiv:2007.05824]



R R IT D

EILN)L k28 =
H={> e ofi | >peor <0}
(z,y) = ZZO:() apfr  forx =3, akfi, v =k Bk

RKHSH#E &

Hi = {D peo ki | Dopeo @i/t < 00}
(T, Y) 1k = ZZOZO arBr/ ik for =3, apfe, vy =1 Brfk.

RE (BEHEDED)

pi >~ k7
(%i ARBRTIERWD, w~kP(p>1) ELTHEL, )

L(z) =min =Y 4i(z) + (22||lz)?) |7
iy L) ;%Z #liel) [@}




Assumption (1)

@ It either holds: N
e (Strict Dissipativity) A > Mpug , or (38):38 M
e (Bounded gradients) ||[VL(:)|| < B, for B > 0. (59

N

. _

/




Assumption (2)

e ™
e Smoothness:

IVL(z) = VL(y)|| < M|z — y]|

J
G » Strong smoothness condition: 2

= S NE A — 33 ~
For o € (1/47 1)’ (P EWFEIEL — FHNEL R D)

IVL(z) = VL(y)|| - < Mljz —y|

1/2
where [l = (s (m0)*| (. f)2)
k (This is not standard, but, is satisfied in the previous examples)

VAN

e Third order smoothness:
Let Ly = L(Pnyz). There exists o/ € [0, 1) such that
ID?Ly(z) - (h,k)|lar < Corllhllollkllo,
N |ID?Ln(z) - (h,k)|lo < Carllh]|-ar||Ello- )




2= O BRI

Moo E 6 7010

LRGN e [Muzellec, Sato, Massias, Suzuki, 2020]

ittt &, RAKY LD :

L(X,)— /L(a;)dﬁoo(x) < exp (—A;nn) + %nlﬂ_"”
0

(seometric ergodicity + time discretization)

72720 k>0 IFEBDEDER, ¢ =/ (BRHDE), cp =1 (&K
RIEE).

Remark: /L(gj)dﬁoo(ﬂj) ~ L(z) for & :=argmin {L(az) + %HxH%K}
reEH

SFRRIE AT DRI DT 7 = v 7 %#15H: Brehier 2014; Brehier&Kopec 2016;
Mattingly et al., 2002; Goldys&Maslowski, 2006.



SLE DR (2)

A
x* ;= argmin L(x) Z := arg min {L(ZE) + —HCUH%LK}
rEH rEH 2

[Muzellec, Sato, Massias, Suzuki, arXiv:2003.00306 (2020)]
FROKMHEDODL E, RARBY IO

% % €8 _1/2—x (geometric ergodicit
L(X,) — L(z*) <exp (—=A*nn) + -= y
(Xn) (z7) S exp ( n 77) Agn + time discretization)

(/1 12l .
G (\K“) “( 5 el
+ (%) — L(z*) (bias of invariant measure)

72720 k>0 IFEBDEDEE, ¢ =/ (BRRDE), cp =1 (&K
RIEE).

Ny AN B F vy 7, BICH L THEEBONEKENH 5.
EFRRIZLIT XD T 7 = v o #38H: Brehier 2014; Brehier&Kopec 2016;
Mattingly et al., 2002; Goldys&Maslowski, 2006.

o FEFEOEREAL~NDIEENALIREERENT @ Suzuki, arXiv:2007.05824.



JAXOayrOo—i

s REBHERIER B D7D I1EL - o2,

« AR MILF v TIELICTEEAY ICHKTE.

» REIMERERE X DY TRFFRICHICA > TWT,
BEN TSP & ) BRBESELEIC/N S ITNITE

FCAREICT B THERL,

« B Z IF2ENNTIZFIRERZE DR D BT IS

RRIMIC7 D Z & A3 3 [Liand Yuan, 2017][Chizat, 2019]
(Boa2—AYHAEEICIESITTVWEESIZZ YR D)




n,sﬁa)ﬁﬁq:

CEINE RN

Elo(Xn)| — o(x™)] <7

for a smooth function ¢.

« Raginsky et al. (2017),
Bréhier (2014), Bréhier and Kopec (2016):

Elp(Xn) — ¢(X(nn)))]

+ Elo(X(nn)) — o(X7)]

+ E[p(X7™) — ¢(27)]

\_

(e Xu et al. (2018):

E[p(Xn) — ¢(XH7)]
+ E[p(XH7) — (X))
+ E[p(X7>) — ¢(z7)

~

B QH#FEﬁ
— FAEWD, — 5 TE Y mnERELANRE

(Strong smoothness)




B—HD/ T F .

B6(Xn) — ¢(a")] =[E[6(Xn) — o(X#)]+ EIg(XP ) — (X™)] + E[$(X™) — g(2”)]

B (BRI 4 A + 2 7 XD Geometric ergodicity)

B EEN U, N2 7T-—2FE L T (BRAH),
geometric ergodicity (0 ~DIRFUNE) A% 372 D:

E[¢(Xn) = ¢(X*7)] < C(1 + [lzol]) exp (—Ajnm)
fefEl, "ARTFILF vy TTA BUATOLSICEZLND,

(i) (Strict dissipative) (i) (Bounded gradient)
A
A*:d A;:Cmin(i,l)(s
n 1 _'_77% 2,LLO 2
for ¢ =exp(—-0
. | w-0@)
XHn: rv. obeying p, Xo = x¢ (constant)

o BRRITDZE EED, BEBERGEDNTWEEZ O Y LT,
« Coupling argument: LyapunovZ&fF, majorizationgetE & 1
(Mattingly et al. (2002) & Goldys&Maslowski (2006) D727 —v 7 #&bhH 3)



Geometric ergodicity
 Coupling argument

Prob(“couple” until time t)
>1—e ¢t

[ La/mICHES



BE_IHD/NY b

E[6(X0) — ¢(a")] = E[$(X,) — (X#)] +E[6(X"7) — §(X™)|+ E[3(X™) ~ ("))

Xtn: BEENESEI X A S 2 7 X@m‘ Saxis]
X" EEERE A T I AROEDSDI (GrEE —EHIHRIEINTND)

HEE (B - BHEERAA F IV ROTEEDHDEWN)

ETREDO< Kk <1/2I2X L, HEIEHCHFELT,

Elp(X#n) — ¢(X™)]| < Cll6]l0.2 Cf) /2,

[ ¢llo2 = max{[|¢lloc, [ Do, [ D* oo }

L ccp = \/E for bounded gradient condition, and B = 1 otherwise y
- MalliavinfiZtf
« XT v THY A ZXn%0TEDITBE, BERERAA F I

ADEREEZ A+ 2 7Z <.
o BIIAYICEEL TWW 5.



BREXITT/N—Y 3 v & DK

Hie = {2 neo Ok fr | Dopeo 0/ bk < 00

[
|

e up ~ 1/k* @eokR)

UEM%X%)—-¢@¥”M|<:cﬁ}Xp(_A;nn)+_£g

° Mk ~ ]_/k‘p (%3@) See [Andersson,Kruse&Larsson, 2016] for finite time horizon.
pHRELLBHIZIERE I 7 RSB ICH 5.

BO(X,) ~ 6(X)]| < C [exp (~Ajrn) + 27" "

R ——
BIRRTOEN IEp - oIS Easmasng: 4 Mk
Elp(X,) —o(XT)]| <C [exp (—Annn) + A—B*n ] _1/k
s I I

[Xu et al. (2018)] > k



HIBIRIRLC 511 5 LR

> 1
«5R{E/ 4 XM o~
P(Y =1|X)—1/2| >6§ (as.) 1/2-Qeunereae B
e supp(Px) C [0,1]¢ and Px has density p such that /\/
p(z) = co (Vo € supp(Px)). - _ i
o EMEALEREIL 7 8 b D supp(Px)
ceC™(R) for2m >d oo _
cBEDREBITETNICASTWVWD ET B! f* = fiy-. fw () = ;aﬂ'”(wﬂ z)

+PRKEHEnEL <nlIXL,
E[Pr, {Wr € H | Px|sign(fw, (X)) = sign(f"(X))] # 0})]

< - 2m/(2m—d) =k
~ eXp( 065 ) + 52m/(2m—d)

NA ZEBRYIRIEEN S WEXRTKE D, retoszctal)



> 181 BE ]
» KB

« TEEMTLUE \

c BEELT B L THREMICKBENEX
« NALBET]
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