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W E ORERE

o BEIHYFE
T=RABABEZNIZHTEIRVDOMTEALONDS.
B UWATDR RIS % T )b & Tl S 2.
FEDH] - [\, 50

(3], 3) (), 5)

° ?&Eﬂm L2
F— RIZ T ROV DT WA,
FEDOH : 752X v 7, SRS, BEERA

75353

—IDF — XIZ T ROV PNT VB,

o W{tFH
AT LR A TT — X 2 HED 5.



BWZEEDRN

o WAt Wl L OMREM SO HETRY ML, (HHZL0
JINY)
o RN M VIZZ LT ¥ X IEH & IHET ORI

NG A—ZHE

BEANT MV
T, « 2
@ 1S EdhE S T
' T, ' —
xd o;\;ng”t;i

FHIETVOREE (0: ETIVDIRT A=)

(BT D2y = f(x:0)

MEEEE IR O E Xy MU — Ik E TR B Z L TERICHAL
ATWS.

5/76



BREAHZEAVWEZERL
Bhid v /72 UFEE, WIhbEEBESORMLE LTERETE 5.
o T—RDEERERTINT X —% 0 c 0 (0 IMMHES (ETI))

— [ ~ 0 DT
o KBS NFIA—RINTF—R 2= (x,y) 2 ENET ELHBL TV B0

0(z,0) (= y,f(x;0))).

PALRE (IRRE) © AR OWIFFIE — LR ME ~ T3]
?Eig]Ez[E(Z,H)].

e (B - BIE NT— 2 TR,
iy 2t

X AIMRERE LR EICEDNH 2 T ENHEMFBICE 1T DB DL



o [a]lF

EFILOF (HEFHY)

z=(x,y) € R
0(z,60) = (y — 0" x)? (Z3ERE)

A




HEMd V) FEDIEKEAR (E)F)

DF =R z=(x,y) T8 f=xT0DHEE.
o iR Uy, f)=3(y — )

o T-isIEE: Uy, f)=(1—7)max{f —y,0} +7max{y — f,0}.

EEL, e (0,1). AEEERIC VSN,

° e-@?fﬁ{%ﬁ%: g(ya f) = max{|y - f| B 630}3
U, €>0. ¥R—bRXZ FVEIFIZHWSO NS,

T

— -

e X 1]
Huber]

““““ )




HEMd v FEDIBKEAH (F5!)

y € {+1}
o VAT 1w ZK: Uy, f) = log((1 + exp(—yf))/2).
o by Ly, ) = max{1 — yf,0}.
o ¥R Uy, f) = exp(—yf).
o FiFfbr v ULk
0, (yf > 1),
g(y,f){;yf, (_yf<0),
(1 —yf)?, (otherwise).

4 —o0-1
fl:\/x-r»f v




RERRERME L ERER/IMEICIIRERF vy THH 3.

JE‘-MZI_.I

B3 o e RUMEIZ TBEE] 25l 7.

cubic spline fitting




IERMER
WD 1 AR (BLOREOLIE) BME:

mﬂin ;f(%, B7x).
1E RAbAT & 18 2 BB /ML

. T
min ;5(%,5 i) + @
ERMEIE
EHI LD
o Vv VIEANE (f-iEHIE): $(8) = M| BII3
o (1-1ERIME: (B) = MBI
o ML—R/VAERE: (W) = TH{(WTW)H2] (W e RNM: 751)



IERMER
WD 1 AR (BLOREOLIE) BME:

mﬂin ;f(%, B7x).
1E RAbAT & 18 2 BB /ML

. T
mﬁmgé(y,,ﬁ xi) + @
EHIEIH
TERABIE D H):
o U v VIEAIME (L-IEHIE): (B) = M|Al3
o (1-1EAIE: ¥(B) = A5l
o ML —A/ VAIEANE: (W) = Te[(WTW)Y?] (W € RV*M: £74i))

o IEAMBIEIZ L D 3ERAMNZ S, @BEEIFELNS.
0 FTDL, NATAMES,
- YR AL DR E (\) 2 RIBELND 5.



IERMEDA

[ml (15 IRZ )

min — E {yi —
0ER N

(Bixi + Bax? + -

)y VEAEEBEE

-+ Bisx) 2 + Al1Bl13

—-HOMK
—lambda =0

A=01

RUMETE
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ERHE/NS X —4 L Z2BERE

ZIHA M (15 IRZIHA)

£

1 n
in = {yi — (61 + 037 + -+ + 015x°)} + A[|0]3
GnQHIQSni:l{y (O1xi + Oox7 + -+ -+ 015x:°) }° + |03

MSE and training error

R (ERE ST X =& (log-Ar—)V). el - PAbERE (F), JisERE (R .

AR T IE AL ST A — R &2 /NS UL FEE I
PACRRZZ X IERME AN T A =X 2 NS S LiliE B L RE 25— EFE.

13/76



INATRENY TV ZADRHR

MILET IV (/14 R0, 58 o?) Y =y, oy’ X =[x, x] "

Y =XB* +¢
v VIEAE .

f = argmin{[|Y — XB* + X||8]*}
BERP
FEDOHEEBEIZXF U TLANDEAER DAL D
E[|I3 — 8*II”] = E[IE(B) — 8*I1”] + E[| 3 — E(3)|I"]

NA T ATH N TV ATH

EAMEN TG A —=RENALATA-NYT VA

NAT A NYT VA A
A=0 0 P Tr[(XT X)) i
A=o0 | I8 0

KIS ZFIRHIZNE <952 &k |

14 /76



Mallows’ Cp 3R#

HEIERWAERERPZ.
e Mallows' Cp Ki¥E
@ Cross Validation

HAMREZ T« TFRRE] 2R/MET 2.
Mallows' Cp fi#E

L) = (i — X B)? +26°Te[X (XX + A1) 71 XT]
i=1
L(\) 2 R/INTT 5 X\ 238N,
o Mallows' CP #i%E L(\) IZ FHIFEE B, [(y — x| B)?] DHEE &.
0 52 L UTIHB/N_ I & frs ZHVT 82 = ||Y — XBus|?/n 2V Z
e AN
o ML T, /A AWH Y AN DRI UMl Z 72200,

15/76



JOZRNYF—=aY
YA AN F— 3> (CV, cross validation): 38 Y] 72 B L E R % &G L.
BT — 2 ADYTIEFE b Tl < FHIFEE % B/ME.
BT —ZADLTIIE D ZHRRIZTEDIEN=0.

LATH K B oW B I @ H AT g

(b bhzdraanNy)F—ay]

k-fold 7ORN) F—2 3V
1. E95 %% kf#zHET 5.
2. NELIZT—RXRD—D%TFTANT—XRELTESTEE, BODT—XT

He5E.

3. TANTF—X LTO PR %ZH.
4. FlE2-3% kDT AN TF—XDELD FIZDWTHEDIKT.
5. k \I#EDIEL O FHIFAEDEE 2 B=CV AT 7.

CV AT Z2E/NIT N EZERTE.

FHZ k= n (¥ 7VE) DI, Leave-One-Out-CV (LOOCV) &I,

16 /76



y1|y2 yn
X111 X2 o R Xn
\§ \\ J . _
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y1|y2 yn
X1 | X2 == Xn
g \§ J \. J

1 A
>y, D7)

|l2| i€h

17 /76



(

y1|y2 yn
X1| x2 LILAL Xn
\_ g J

)

1 R
Il . AK)T .
] E Uy, B xi)

i€lk

17 /76



el

n=100, d =10 DY v VEE (H7 AN 3T ETF N+ T/ L AERNL)

FRE (FA) & CVRIT (TR
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IEREDH - ¢-1IERBME (R/S—RHETE)

n

, 1 z
B =argmin— > (v~ x B +AY |5l
j=1

Berp N 1
L1EAE L2E8NME (Y ERIE)
[1Bllx =181l + -+ + |Bp] 183 = B2+ + B2
RAIN—R

/) an/ )
Ty

RO EIZFY©OF

R. Tsibshirani (1996). Regression shrinkage and selection via the lasso. J. Royal. Statist. Soc
B., Vol. 58, No. 1, pages 267—288.

19/76



AN—AMEDRE

vi=x B +e (i=1,...,n). B*: HOXZ M.

p
B = argmin 1 Z(y,- —x B)? + )\Z 1Bj].
=1

n
BERP i—1

xi € RP (piRIT), d = [|*]|o (HDIE 0 ERDE) &9 5.
Theorem (Lasso DR L — )

HEFMNDBE, HEEH CHEMLELT

13 - 541 < c L8]

MARDITE p 13725072 h O(log(p)) TUMHEL 2\ |
FEMIRTT d DILECHY.

(Lasso) dl%g(p) < % (B/N_3RIR)




HIFRE BB (Restricted eigenvalue condition)

A=1XTX 4%,

~n

Definition (filFRFE A gt (RE(K', C)))

v Av

in oo
JC{L,..,n},veRP:  ||vyl|3
<K Cllvalli=lvaelly

dre(k’, C) = ¢re(k’, C,A) =

IZxf L, ¢org > 0 N ARVASR

0 IFIFAN—ZIR AT MVIZHIB U TES L 7= B/NEAE.

@ k' =2d TH VLo TW UL L.

@ TURL X IIRUTHEMERTH YLD LH/RHES: Johnson
Lindenstrauss @ﬁ% (Johnson et al., 1986, Dasgupta and Gupta, 1999, Rudelson and
Zhou, 2013). 7 —

N iEman 21/7



IERIME & &E1b
ETFTILDHIRICK 2IERIE Early stopping IC & % 1ERI{E

HOMH BRI MET
i BFE) O

\Early stopping

7V
INA T AN T v A5
10 = Fllaery < IF° = Fllae) + I1F = Fllaer)

Estimation error Approximation error Sample deviation
(bias) (variance)

AlfdER 2 R/ METEITE T B RNICIED B (early stopping) Z & TIERMEAM@ <.
— WJE¥E, Boosting DHEETFEL.

22/76



Early stopping IC & %1853 O [E]5k

4.0 . . -

= Validation set
35 - - Training set
3.0p .
250 1

Best model

RMSE

o 100 200 300 400 500

Hands-On Machine Learning with Scikit-Learn and TensorFlow by Aurlien Gron.
Chapter 4. Training Models.
https://www.oreilly.com/library /view/hands-on-machine-learning /9781491962282 /ch04.html

23 /76
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mL9 %) ZEMH ~ RRBEDIER

sup {}72 f(xi) — E[f]}

feF

D Al 703 E5 2.



JESE: REREIEDIEER

1933  Glivenko, Cantelli
1933 Kolmogorov

1952  Donsker

1967 Dudley

1968 Vapnik, Chervonenkis
1996a Talagrand

Glivenko-Catelli D EIE
(—ERRBDER)
Kolmogorov-Smirnov #& &
(IXRL— b, #EDH)
Donsker O EIE

(— R DIBREIE)
Dudley &%

VC Rt
(—RRINROMHE+ 2
Talagrand DA~ E

&)



Outline
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e Rademacher #% X £ Dudley 47
o /Al Rademacher # 4t &



EIREER E

HENE Y FE

BT —X: D, = {(xl,yl), e (mya) Y E(X x V)" AT HAD id. RS
UX%&E() YxR—=R, B NADRF LT ¢
IKEHES (ETNV): F X = R7ZEBOES

P b T (x, ), B OERIND F Ot

7L (ERE):

E oY, F(X)]— inf E oY, f(X
vy [Y, £(X))] P x (Y, (X))l
FTANT—%

o NALFRAE RS S ?
o TDHXX?



Bias-Variance D7) #%
RERD 220 L(F) =220 Uyi, F(x)),

=

n 1 )
U 2270 L(F) = Ex,v)[l(Y, F(X))]

MALE =L(F) —  inf  L(f)

[RGIREIESE
=L(F) — inf L(F)+ inf L(F)— inf L(f
(F) = jnf L(F) + jnf L(F) —_jnf . L(F)
HerE i )L

fHHD7=80 * € F BFEIEL Tinfrer L(F) = L(F*) & T 5.



Bias-Variance D% f#

RERY 22 [(f) = LS i, F(x),
IRV A7 L(f) = IE(x Y) [f( F(X))]

MALE =L(F) —  inf  L(f)

o] IR £
=L(F) — inf L(F)+ inf L(F)— inf L(f
L(F) = jnf L(F) + inf L(F) — inf  L(F)
e EFILEE

fHHD7=80 * € F BFEIEL Tinfrer L(F) = L(F*) & T 5.

KETIVEEIZ DOWTIES ARl 2.
LirL, 7Y v/ OMBEIZIEEICHEE.

o Sieve 7%, Cross validation, IHIREMUE, €T LY, .

o N—RI)VIEIZHBITBETIVIEAEDELY K\ : interpolation space D H
%’rﬁi (Steinwart et al., 2009, Eberts and Steinwart, 2012, Bennett and Sharpley, 1988).

DR, ET VAN EIVET S,



TRERERZE R/ME

FRBERIME (ERM):

f=argmin L(f)
feF

IERNMEA & EBRERZE&/ME (RERM):

f=argmin L(f)+ o(f)
feF N~~~
EANHEIE

o RERM IZBHd 2i5e L IEHIZIRILD 5 (Steinwart and Christmann, 2008,
Mukherjee et al., 2002).

o ERM DIEEHF L.



TRERERZE R/ME

#EERERZE & /IME (ERM): ¥

f=argmin L(f)
feF

IERNMEA & EBRERZE&/ME (RERM):

f=argmin L(f)+ o(f)
feF N~~~
EANHEIE

o RERM IZBHd 2i5e L IEHIZIRILD 5 (Steinwart and Christmann, 2008,
Mukherjee et al., 2002).

o ERM DIEEHF L.



HAER

EEAEDND  ROBEHIFIROADP S 5:

L(F) < L(f) (. FEERFAZE e /IME)
= L(F) = L(F) = L(F) = L(F) + L(F) = L(F*) + L(F*) — L(F*)

Reminder: L(f) = 1 327, (i, F(x:)). L(F) = Epxon (Y, F(X))]



HESR
FEAEDNY Y NOBERIZIROANSIRE 5:

- RRBRER A B IME)
+ L(F) = L(F*) + L(F*) = L(F*)
PAmsE ? <0 0,(1/+/n) (#3k)

Reminder: L(f) = LS Wy, F(xi), L(F) = Exn[e(Y, £(X))]



HES
FEAEDNY Y NOBERIZIROANSIRE 5:

(. SR R ME)

(7)< 1)
~ L) = L) — L)+ + L) — L)+ L) = L)

= L(f) 7
Ak ? <0 0,(1//m) (#ik)
% 53 1
R (Y (- REDERIN)
L(F) - L(F
(") (){=OAU¢M (- BRI
s 11

Reminder: L(f) = LS Wy, F(xi), L(F) = Exn[e(Y, £(X))]



FEAEDNY Y FOEHIZROA»SIHE S:

L(F) < L(f) (. REBRAE FUIME)
= L) = L(F) = L(F) = L(F)+ + L(F) = L(F*) + L(F*) — L(F*)
P ? <o 0,(1/+/n) (#ih)
5 T iR
i o [=0 (.- REDERIN)
L(F) — L(f
(") (){=OAU¢M (- BDBIRIEIEN)
B 11

FEHERT — & TR TlE A W

Reminder: [(f) =1 S Ay, F(xi)), L(F) = Ex vy [€(Y, £(X))]

n



RICHEED?

L(J)




TRICH EIRE D ?

L(f)/

]
I
I
I
I
I
I
I
I
I
I
I
I

ek E D E VL RONNG (BEE) B b Ui,
FE, F MRS SR U 220 A
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A ol

—BRIENT VU RIZE ST [72F2E S E WL A (IFEALY) BWZ & &2 RGE
ZHUZHATIE R (RREGETE O M)
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FTIEAERLIS
|F| < oo



BRLBAFR

o Hoeffding D A% =
Z (i=1,...,n): M T (A— & IEBR S 2\ HAREE 0 ORERZEL s.t.

|Zi] < mj
1>zt t?
plei=t2l o * ) <oexp (o
( : V) = TP\ me

o Bernstein D ARER
Z (i=1,...,n): 3T ([A—&IER S 22\0) HARHE 0 DRERZH s t.
E[2?] = 02, |Z]| < M

DET< N o | — t?
P( " >ﬁ>S2ep<2(iZ,1, T Im ))

DD & F




BRLGAFN: HiERIR

o Hoeffding D RZE (sub-Gaussian tail)
Zi (=1, n) MO (F— 2 RS 2\ HIRHE 0 ORERZK s.t

E[e7] < €77 /2 (Vr > 0)

PR ) <2o0 ()

@ Bernstein D RE A
Z (i=1,...,n): M3 CT (A— & IZR S 720\) HIFHE 0 DRERER s.t.

Epﬂ_a MZH<“2Mk2Wk>@

DETIIE: £
P( " >ﬁ>§2“p<‘2(iz,1, er)>

(B~)v b2k & %)




BRESD—#/\7 > K 1: Hoeffding D F~EF AR
THEBTHR>TWS LA, (f « Uy g(x) — EA(Y,g(X)) £ LTEZ )

F={fn (m=1,...,M)} HREDOBBES: LB HIFHE O (E[fn(X)] = 0).
Hoeffding D RER (Z = fn(X;) ZRA)

P (=0 > 1) < 2exp (— it )

°P<max M>ma | fonl o0 2|Og(2M/5)> s

1<m<M

frn(Xi log(1+ M
[ max |Z’ L ( )|] < Cmax||f llss og(1 + )
1<m<M V. a0

V.

3 [ 227 fm(X5)] _ f (x M 2
o) (e, I 5 ) — <1<m ) Z; A )

<M
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BREAD—#/N7 > R 2: Bernstein D RER KR

Fe{fn(m=1,...,M)} AREOHMES: Yhb S 0 (E[f,(X)] = 0).
Bernstein D F~ZER

|0 00 2
p(=57 >t)<2ex"< (AT f|f|m))

— NN R

1 log(1+ M
< T ma [ loB(1 4+ M) + max| £, B )

X AT Y RIZEVEWY log(M) A — KX THZ 5.



Outline
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BIRD 5 HERA

IREREEDEZENERED 725 ?
EHEEL2E > TWEZ5 ?

F={"B|BeR,|B] <1}

F=A{feH[|fln<1}

02 03 04 05



EXNBTAT47T

AREDTTTRESES
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Rademacher 18

€1,€2,...,€, Rademacher 2%, i.e., P(¢; =1) = P(e; = —1) = L.

|

< 2R(F).

Rademacher #t X

n

> eif(x)

1
R(.F) = E{e;},{x,-} lsup —
i=1

fer n

FFME:

n

> (f(x) — E[f])

i=1

(Jif5E) E lsup 1

fer n

HU [flle <1 (VFEF) %5

n

> (f(x) — E[f])

i=1

(EREek) P (sup !

fer n

Rademacher HE X 2 A UL —HENT v KDBE SN S |

> 2R(.7:) + \/1) < e L.
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Rademacher £ = D& EMHE

o Contraction inequality: & U + #* Lipschitz #5725, i.e.,
[(f) —o(f)] < BIf — f7],
R({w(f) | f € F}) < 2BR(F).

o M conv(F) & F DuDMFE G RIEN S0 HEELT 5.

R(conv(F)) = R(F)

44 /76



Rademacher £ = D& EMHE

o Contraction inequality: & U + #* Lipschitz #5725, i.e.,
[(f) —o(f)] < BIf — f7],
R({w(f) | f € F}) < 2BR(F).
o M conv(F) & F DuDMFE G RIEN S0 HEELT 5.
R(conv(F)) = R(F)

FHZ BRI DMEEAE D .
[6(y, ) =y, ) < |f — ] 5,

E |sup |L(f) — L(f)|| < 2R(L(F)) < 4R(F),
feF

FEU, UF) = {(, ()| feF}

& o T F ® Rademacher complexity % il 2 11iX+43 |
Lipschitz itk iZ b > YRR, OV AT 4y TR ARETHED LD, 61Ty &
FWRERGESZEO AR ETHRD LD,

Reminder: L(f) = LS Wy, F(xi)), L(F) = Exon[e(Y, F(X))] 4476



AN T F U N—

Rademacher complexity %l 2. % fii%.
AN v F = RS F OB - AR

N(F,e, d)

INVLdTCEZAY e DR—IVT F2EIZD
WIS E/ND R — IV DL,

ABMEADITT F %2389 % DI BB PR 4 E 72 {5 2.

Theorem (Dudley 647')
IF5 = 20, F(6)? 32, §:=suprerllfiz LT,

1 )
R(]:) < Coizn>f0 {OK + WED,, [/ \/|og(2N(]:,€, || : ”n))de] } :

(Boucheron et al. (2013) @ Lemma 11.4 % Wainwright (2019) ® Theorem 5.22
% ZI])
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Dudley &R DA A —

R < oo, | [ VoW T T

BIREDIET F 20l d 5.
ZFOMMBEEZMHM» LTW-T, #
TWAILEFED EITTPL A A —
.

FzA=VTE0D
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INETOFED

L(F) < L(r) (. MBI /IME)
= L) - L(F) <L) - LA+ L(F) - L(F)

ZNEIATZN Op(1/+/n) (Hoeffding)

¢ 7% 1-Lipschitz (|€(y, f) — Ly, £)| < |f — £']) 22D [|f]loc < 1 (VF € F) D& &,

L(F) = L(F) < sup(L(f) - L(f))
feF

<2R(¢ \/7 (with prob. 1 —e™f)

<4R(F) + \/; (contraction ineq., Lipschitz i)

< —]ED [/ V9eg N(F, e, | - |n )de} \/E (Dudley F43).

KA T FUNR=DNEWNEE ) A7 1F/NE W= Occam's Razor

47 /76



B #RTZHBIBEER

F={f(x) =sign(x " B+¢c) | B €R c e R} -
SE S N B
N(F,e 1) < C(d+2) () ’ B R
€ X ° a@qg 24

35, -1 AL L

L(F) = L(F)

IN

0r (=2, [ [ ViesNF T e )
<0, (\% /01 C+/dlog(1/e) + Iog(d)de)




f5ll: VC RIT

F I3 mBEBO%ESA: F={1c| CeC}.
ClddrHEER (Fl: FREFOESR)

o M5 FARDHBIHEZONERES X, = {x1,...,x,} ZHIAT 5
SERDITNNVY, ={y1,...,¥a} (vi € {£1}) ITHLT X, 2 F BIELL
HHTES.

o VCIRIL Ve F DBSID TEB2EAEMBIFIAEL R n DR/IME.

1)\ 2(VF-1)
N, e, - 1) < KVr(4e) > ()

= LAEE = 0,(y/Vr/n)

ob | oD b b
i a} b} fet
b T b b oD b d b
\ d
ea| .
\\ oC
B b.cl {ac b}
b}
http://www.tcs.fudan.edu.cn/rudolf/Courses/Algorithms/Alg_ss_07w/Webprojects/Qinbo_diameter/e_net.htm 7*5

VCYGEREIRTH 5 = & 48 ERM OIIFY 22 AT 5 2 & OBEA+5 &1k, |


http://www.tcs.fudan.edu.cn/rudolf/Courses/Algorithms/Alg_ss_07w/Webprojects/Qinbo_diameter/e_net.htm

Bll: H—xIVE

F=A{feH[|flx<1}

F— 2 IV k

FAEE IL~)L 22l H

k(x,x) < 1 (Vx € X) 2{iE, eg, H7AH—
2V

[EL$% Rademacher #3t X 2 3Fi L THA 5.
S €if () = (S eik(xi ), Frm < TSy eik (i)l fllae
<oy ek (i, )l Z2AES.

() & [sup [Z1 0700 ][I ol ]

LfeF

< - (Jensen)

_\/277]:1 Eiejk(xivxj)] < \/E [27,]:1 €i€jk(X,',Xj)}



Bl: SV LTHOERER/ VA

A= (a): px q (FHITH ay WHSTAIRHE 0 41 |ay] < 172 % ek A%,

ADIEMZE VL |A| = max ||[Az] = max  w'Az
<1 Iwll <1,z <1
z€eR9I wERP ,zeRY

F ={tw.(aj,(i,)) = ajwiz; | w e R°,z e R} = |A|| = supi aij, (1,4))

i

n=pqg DY FLhd 5 & H5T.

1z = fwrrlls = 55 0L lay(wizg = wiz) P < Z(llw = w2 + |1z = 2'|)
<C ge)~(Pta), €e<?2 ,
N(E e |- 1) 4 = SOV (€ < 2//pq)
=1, (otherwise).
1 VP¥aq
E suprAz}< p+ q)log(C €)de <
sz vl w 8(C/v/pae)de < Yo

£oT, ADEHFE/ WV AEZ Op(v/p + q).
— K5 > 7175 #E%E, Robust PCA, ...
#£ L <& Tao (2012), Davidson and Szarek (2001) % £/
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f5ll: Lasso MK L — b

THA VAT5 X = (X;;) € R™P. p (IRIT) > n (Vv TIVE).
HORT VB € RPL JEE I EROEBAT A d M (A5 R).

ETN: Y =XB*+E.

~ 1
B« argmin =X = Y5 + A8
BERP n

Theorem (Lasso DR L — I (Bickel et al., 2009, Zhang, 2009))

T YA L 475D3 Restricted eigenvalue condition (Bickel et al., 2009) $*
max;j | X;| <1 %L, /4 X E[e] < e’ T/2 (Vr > 0) &l TRS, M

R1-0T
dIo 5

SIRTERE L Th, 72727 log(p) TUBEINT Z 2\, HEMENE d DK
fic 1.



log(p) IFEI LN >TELH?
BIREO NV KR oX» > TEE.
1 2 2 2 1 * 2 *
;HX/B = Y[z + A8l < ;HXﬁ =Yz +XlB" 1
2 ~
- IX " €lloo 13 = B*[l1 + Anll3*[12
———
h

1 A ~
= X3 -8B + MlBlh <

1<j<p

1 1<
~IXTEle = max |= 3 Xy
i=1
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log(p) IFEI LN >TELH?
ABRMED—HNT v R oX > TE .

1 n A 1 * *
X5~ Y3+ AllBlh < —lIx6" — Y3+ A8

Livia o 5 2 A o .
= X3 = B)E + AallBll < = IXT€lloo 18 = B*[l1 + Xnll 8*[l1
N—_——
h

7||XT€||00 = max |*ZXU51

1<j<p
Hoeffding D RERBHED—FENDT >V NiZ kD, fER1 -6 T

2 Iog(2p/5)
= E <o
1r§nja<xp | n XU£'|
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Talagrand @ concentration inequality

PHAPED ENAE R,
Theorem (Talagrand (1996b), Massart (2000), Bousquet (2002))

0 = super E[f(X)?], Pof := 137 | f(x;), PF:=E[f(X)] £F 5.

P lsup(P,,f —Pf)>C (IE {sup(P,,f — Pf)] + \/E(T—l- E)
feFr feF n n

<et

Fast learning rate % /R 9 DIZHH.

54 /7



FOD NEY &

Johnson-Lindenstrauss D il (Johnson and Lindenstrauss, 1984, Dasgupta
and Gupta, 1999)

D {x1,...,x} € RY % k IRTLZEMANFHE T 5. k > ¢ Iog( ) 785, k
MIEAND T Z LTIz ay Ac R (52X LTH0) 1k

(L= )lxi = Xl < [[Axi = Axjl| < (1 +9)[lxi — x|

O ERTHE 729
— restricted isometory (Baraniuk et al., 2008, Candés, 2008)

Gaussian concentration inequality, concentration inequality on product
space (Ledoux, 2001)

sup *Zfl X)) (xi: AT ARAIRY)

feF N~

Majorizing measure: A7 Y 7R AIZE D0 D ER, FTH (Talagrand,
2000).
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© R
© FHHhRYE
Q@ MY UR

o [AF Rademacher #3 X

Q 1 XDEF M

O ik

Outline
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0,(1/y/n) A=K X DHE WL — MERES ?
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O 2 BE DR % = iR 1 F A

— /NI R

OADMMNMEE S & F OFERFENHIRE NS> LD ED VAT VR
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O 2 BE DR % = iR 1 F A

— kNI R

FAUHMEAMELHAIERILILL T FOYAZINI NI L 25T,

FOSFATEW T & 2RI~ “JSFT Rademacher X
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BT Rademacher 153 <

[Bf Rademacher B : Rs(F) := R({f € F | E[(f — f*)?] < 4}). |

RO ZAE L THS.
o FIR1TERBMASNTOS: |flla <1 (VF € F).
@ / |% Lipschitz 5 A2 D5d ™

E[(Y, f(X))] — E[L(Y, f*(X))] > BE[(f — f*)?] (Vf € F).

Theorem (Fast learning rate (Bartlett et al., 2005))
5" =inf{6 | 5> Ry(F)} £TBE, WKL et T

(- 1) <C(67+2).

0 < R(F) IEEITHK D LD (GBSR).
Z 1% Fast learning rate £ 5 5.




Fast learning rate Ml

llog N(F.c.|| [|) < Ce > D2 &,

PRI, & DEBRNPOMEER L — et TIRDVE D LD:
N " _ﬁ E
L(F) - L(F )SC(n + +n).
X 1/n kDA b
23 3R
o JEHT Rademacher #% & O —fi%f: Bartlett et al. (2005), Koltchinskii (2006)
o HIAIFTE, Tsybakov DAl Tsybakov (2004), Bartlett et al. (2006)

@ 1 — X )VIEIZE T B fast learning rate: Steinwart and Christmann (2008)
@ Peeling device: van de Geer (2000)



Outline

Q sudEtk:
o AN
@ minimax & JE M
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HBHFEEITIED TR 137

¥ DREBS D T — R OIS U TREAEEN D 5.
[ZOBAIES £ VLA DBAES £ < LARLN

F 7 i M D ERE
o FFrEM
HWATHEBE 2 E X D FEAMIZ A\,
@ minimax &M
—BAREERIGETDY AT D3R/,



@ b R
© FUFGmEE
Q@ YUK

Q Hutilt

o FEME

© ~ 1 ADEEmH

O ik

Outline
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el

HAEDE TV {Pyl0 € ©}
Py 2B AHEERE Ff OV A7 DIARHHE:

Lo(F) := Ep,mpy [Ex, v)p, [€(Y, F(X))]]

Definition (FF#M)

f BSFFAH (admissible) . o
o Ly(f) < Lo(f) (VO € ©) D, 5 0 € © T Lo(F) < Lo (F) 2 B HEE R F 3
FELR.
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51

D 7208 > T Dy = {(x1, ..., xa)} ~ P] 325 Py (0 € ©) %Mt ¥ 5 8
EEZD.

o —HEI: BB G BHEIZHWD., FD O 1T T AU TIEE D ITHREZHMM
D O IZIFHE N,

o N RHEER: HAHE 7(0), VA2 L(6o, P)

A

P:agmm/Emw%me%hw@M@

Pt &

o “VUZZ L(0,0
o KL-U 22 L(0,P

) =110 —8|]*: § = [6r(0|D,)d0 (F#F-H5)
) = KL(Pg||P): P = [ P(-|0)m(6]Dn)d6 (1 X FHlI5375)

RAHEBRDEZ LD, WIZV A2 L(0,P) 25T B HEERIZFEL
AR
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@ b R
© FUFGmEE
Q@ YUK

@ minimax It M
Q 1 XDEF M

O ik

Outline
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minimax &4

Definition (minimax Hxi# )

# 5% minimax 55

& Lo(f Lo(F
s

FHEGRCTREBLG 2T I LNE\V: 3C T

Lo(f) < C mi Lo(F .
magbo(f) < € min, maxbo(f) (V)

FIOWVWDEIRT Iminimax L— b2 EKT S 2257207 5.
4 ’

Lo(

~>
—
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minimax L — h 23K & % 5%

Introduction to nonparametric estimation (Tsybakov, 2008) (Z#F U\ Foik.

FREREOTLTRESY, ZTO55—-DERELOZ2EIMEEEZ 5.
(BLDOMELVHESV A DFRELGZ D)
{f,....fu} C F

f

i

i

5{ n
\

M, L e, DML — KA T7: M, DVNZ WD Bl 72 0 2 IO DRI
IAWEE e, W REL D,

cf. Fano D RE R, Assouad D,
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JAZXDHADRAD /) /XZ X M) w2 [E)F minimax
L— b

Yang and Barron (1999) O HERIN /5%
(Raskutti et al. (2012b) T & b BH X1/ % FIH).

0 g, >0 IR

° |Og(N) = |Og(N(]:7 En, || : ||L2(Px)))
IZHLUT,
€
2

_ log(N) + 557 + log(2)
( )

inf Ep, [||f — F*||? >
in ;g} ol ILpol = 8log(N)

e, BN,

minimax L' — h > €2,



2/X—AEFE D minimax L — b

Theorem (Raskutti and Wainwright (2011))

HLEMEDS &, HER1/2EET,

A [
“min max |3 — 5*”2 > CM
Bifes i B id-A S — R n

Lasso 1% minimax L' — h 22T 2 (2269 oz g T).

Z DFEH % Multiple Kernel Learning IZH5R U 7245 % Raskutti et al. (2012a),
Suzuki and Sugiyama (2012).
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NA ZDFEERH

J VR T RA XD

o HRlEH
@ Ghosh and Ramamoorthi, Bayesian Nonparametrics. Springer, 2003.
e Ghosal and Van der Vaart, Fundamentals of Nonparametric Bayesian

Inference. Cambridge University Press, 2017.

o UL — b
o —fi%f: Ghosal et al. (2000)
o Dirichlet mixture: Ghosal and van der Vaart (2007)
o Gaussian process: van der Vaart and van Zanten (2008a,b, 2011).
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NA ZDFEERH

J VNG RA ZDfEHMEE

o HRlEH
@ Ghosh and Ramamoorthi, Bayesian Nonparametrics. Springer, 2003.
e Ghosal and Van der Vaart, Fundamentals of Nonparametric Bayesian

Inference. Cambridge University Press, 2017.

o UL — b
o —fi%f: Ghosal et al. (2000)
o Dirichlet mixture: Ghosal and van der Vaart (2007)
o Gaussian process: van der Vaart and van Zanten (2008a,b, 2011).

PAC-Bayes

LR < inf, { L(F)p(ar) 42 [2E 4 KD 2]

(Catoni, 2007)

o JLaX: McAllester (1998, 1999)
o 47 7 IVAZERX: Catoni (2004, 2007)

o ANN—AHEE~DJEH: Dalalyan and Tsybakov (2008), Alquier and Lounici

(2011), Suzuki (2012)
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FEERENIEER

—FkN T v R 2 EORBUERE B L ORBUOLHENE 7V 08k

Giné and Nickl, Mathematical foundations of infinite-dimensional statistical
models. Cambridge University Press, 2016.

— % N7 > R X Fast learning rate H3HEFEAT N ER & 1 72 2Rl
Wainwright, High-dimensional statistics: A non-asymptotic viewpoint.
Cambridge University Press, 2019.

RRBOEFEOBELIE: van der Vaart and Wellner, Weak Convergence and
Empirical Processes: With Applications to Statistics. Springer, 1996.
HEFHRIL SR DEEBLE: van der Vaart, Asymptotic statistics. Cambridge
University Press, 2000

LRI ROBRNE (FI): RARHCC, SEMSBER (MLP ¥ ) — 2). ik
#t, 2015.

FEEROBRLE:

o Mobhri et al., Foundations of machine learning. MIT press, 2018.
e Shalev-Shwartz and Ben-David, Understanding machine learning: From theory
to algorithms. Cambridge University Press, 2014.



AN—ZAHEEXBIER

@ R @ glmnet, LiblineaR & £IX, python @ scikit-learn.

e SPAMS: Hi#ft Y W N—, C++TFZE. matlab, R, python 1 ¥ & —7 = A
AT NS,
http://spams-devel.gforge.inria.fr/

BREAE T AN—2MIZZE O MR, #EHat.
IARREEE TR RE D, 33K,
Hastie, Tibshirani, Friedman: The Elements of Statistical Learning.

Hastie, Tibshirani, Wainwright: Statistical Learning with Sparsity: The Lasso
and Generalizations.

Statistical Learning
with Sparsity
The Lasso and

ZN=21ICEOL W EENREL
s

Generalizations



http://spams-devel.gforge.inria.fr/

x&H

—BRNT VR VEE

sup {1 S i F ) ~ LAY, f(xm}

fer UM ia

o Rademacher {84 X
@ ANV U ITFUN—
IREESVEMTHNED 21T, BHOIUK.

T o P
o A

@ minimax &M

76 /76



Fah e E B e, ke, 2015.
P. Alquier and K. Lounici. PAC-Bayesian bounds for sparse regression estimation
with exponential weights. Electronic Journal of Statistics, 5:127-145, 2011.

R. Baraniuk, M. Davenport, R. DeVore, and M. Wakin. A simple proof of the
restricted isometry property for random matrices. Constructive Approximation,
28(3):253-263, 2008.

P. Bartlett, O. Bousquet, and S. Mendelson. Local Rademacher complexities. The
Annals of Statistics, 33:1487-1537, 2005.

P. Bartlett, M. Jordan, and D. McAuliffe. Convexity, classification, and risk
bounds. Journal of the American Statistical Association, 101:138-156, 2006.

C. Bennett and R. Sharpley. Interpolation of Operators. Academic Press, Boston,
1988.

P. J. Bickel, Y. Ritov, and A. B. Tsybakov. Simultaneous analysis of Lasso and
Dantzig selector. The Annals of Statistics, 37(4):1705-1732, 20009.

S. Boucheron, G. Lugosi, and P. Massart. Concentration Inequalities: A
Nonasymptotic Theory of Independence. OUP Oxford, 2013. ISBN
9780199535255. URL
https://books.google.co.jp/books?id=koNqWR1uhPOC.

O. Bousquet. A Bennett concentration inequality and its application to suprema
of empirical process. C. R. Acad. Sci. Paris Ser. | Math., 334:495-500, 2002.

76 /76



https://books.google.co.jp/books?id=koNqWRluhP0C

E. Candés. The restricted isometry property and its implications for compressed
sensing. Compte Rendus de I'Academie des Sciences, Paris, Serie |, 346:
589-592, 2008.

F. P. Cantelli. Sulla determinazione empirica della leggi di probabilita. G. Inst.
Ital. Attuari, 4:221-424, 1933.

O. Catoni. Statistical Learning Theory and Stochastic Optimization. Lecture
Notes in Mathematics. Springer, 2004. Saint-Flour Summer School on
Probability Theory 2001.

O. Catoni. PAC-Bayesian Supervised Classification (The Thermodynamics of
Statistical Learning). Lecture Notes in Mathematics. IMS, 2007.

A. Dalalyan and A. B. Tsybakov. Aggregation by exponential weighting sharp
PAC-Bayesian bounds and sparsity. Machine Learning, 72:39-61, 2008.

S. Dasgupta and A. Gupta. An elementary proof of the johnson-lindenstrauss
lemma. Technical Report 99-006, U.C. Berkeley, 1999.

K. R. Davidson and S. J. Szarek. Local operator theory, random matrices and
Banach spaces, volume 1, chapter 8, pages 317-366. North Holland, 2001.

M. Donsker. Justification and extension of doob’s heuristic approach to the
kolmogorov-smirnov theorems. Annals of Mathematical Statistics, 23:277-281,
1952.

R. M. Dudley. The sizes of compact subsets of hilbert space and continuity of
gaussian processes. J. Functional Analysis, 1:290-330, 1967.

76 /76



M. Eberts and |. Steinwart. Optimal learning rates for least squares svms using
gaussian kernels. In Advances in Neural Information Processing Systems 25,
2012.

S. Ghosal and A. Van der Vaart. Fundamentals of nonparametric Bayesian
inference, volume 44. Cambridge University Press, 2017.

S. Ghosal and A. W. van der Vaart. Posterior convergence rates of dirichlet
mixtures at smooth densities. The Annals of Statistics, 35(2):697-723, 2007.
S. Ghosal, J. K. Ghosh, and A. W. van der Vaart. Convergence rates of posterior

distributions. The Annals of Statistics, 28(2):500-531, 2000.
J. Ghosh and R. Ramamoorthi. Bayesian Nonparametrics. Springer, 2003.
E. Giné and R. Nickl. Mathematical foundations of infinite-dimensional statistical

models, volume 40. Cambridge University Press, 2016.

V. . Glivenko. Sulla determinazione empirica di probabilita. G. Inst. Ital. Attuari,
4:92-99, 1933.

W. B. Johnson and J. Lindenstrauss. Extensions of lipschitz mappings into a
hilbert space. In Conference in Modern Analysis and Probability, volume 26,
pages 186-206, 1984.

W. B. Johnson, J. Lindenstrauss, and G. Schechtman. Extensions of lipschitz

maps into banach spaces. Israel Journal of Mathematics, 54(2):129-138, 1986.

A. Kolmogorov. Sulla determinazione empirica di una legge di distribuzione. G.
Inst. Ital. Attuari, 4:83-91, 1933.



V. Koltchinskii. Local Rademacher complexities and oracle inequalities in risk
minimization. The Annals of Statistics, 34:2593-2656, 2006.

M. Ledoux. The concentration of measure phenomenon. American Mathematical
Society, 2001.

P. Massart. About the constants in talagrand’s concentration inequalities for
empirical processes. The Annals of Probability, 28(2):863-884, 2000.

D. McAllester. Some PAC-Bayesian theorems. In the Anual Conference on
Computational Learning Theory, pages 230-234, 1998.

D. McAllester. PAC-Bayesian model averaging. In the Anual Conference on
Computational Learning Theory, pages 164—-170, 1999.

M. Mohri, A. Rostamizadeh, and A. Talwalkar. Foundations of machine learning.
MIT press, 2018.

S. Mukherjee, R. Rifkin, and T. Poggio. Regression and classification with
regularization. In D. D. Denison, M. H. Hansen, C. C. Holmes, B. Mallick, and
B. Yu, editors, Lecture Notes in Statistics: Nonlinear Estimation and
Classification, pages 107-124. Springer-Verlag, New York, 2002.

G. Raskutti and M. J. Wainwright. Minimax rates of estimation for
high-dimensional linear regression over /,-balls. |IEEE Transactions on
Information Theory, 57(10):6976-6994, 2011.

76 /76



G. Raskutti, M. Wainwright, and B. Yu. Minimax-optimal rates for sparse additive
models over kernel classes via convex programming. Journal of Machine
Learning Research, 13:389-427, 2012a.

G. Raskutti, M. J. Wainwright, and B. Yu. Minimax-optimal rates for sparse
additive models over kernel classes via convex programming. The Journal of
Machine Learning Research, 13(1):389-427, 2012b.

M. Rudelson and S. Zhou. Reconstruction from anisotropic random
measurements. |[EEE Transactions of Information Theory, 39, 2013.

S. Shalev-Shwartz and S. Ben-David. Understanding machine learning: From
theory to algorithms. Cambridge University Press, 2014.

I. Steinwart and A. Christmann. Support Vector Machines. Springer, 2008.

I. Steinwart, D. Hush, and C. Scovel. Optimal rates for regularized least squares
regression. In Proceedings of the Annual Conference on Learning Theory, pages
79-93, 2009.

T. Suzuki. Pac-bayesian bound for gaussian process regression and multiple kernel
additive model. In JMLR Workshop and Conference Proceedings, volume 23,
pages 8.1-8.20, 2012. Conference on Learning Theory (COLT2012).

T. Suzuki and M. Sugiyama. Fast learning rate of multiple kernel learning:
Trade-off between sparsity and smoothness. In JMLR Workshop and Conference
Proceedings 22, pages 1152-1183, 2012. Fifteenth International Conference on
Artificial Intelligence and Statistics (AISTATS2012).

76 /76



M. Talagrand. New concentration inequalities in product spaces. Invent. Math.,
126:505-563, 1996a.

M. Talagrand. New concentration inequalities in product spaces. Inventiones
Mathematicae, 126:505-563, 1996b.

M. Talagrand. The generic chaining. Springer, 2000.

T. Tao. Topics in random matrix theory. American Mathematical Society, 2012.

A. Tsybakov. Optimal aggregation of classifiers in statistical learning. Annals of
Statistics, 35:135-166, 2004.

A. B. Tsybakov. Introduction to nonparametric estimation. Springer Series in
Statistics. Springer, 2008.

S. van de Geer. Empirical Processes in M-Estimation. Cambridge University Press,
2000.

A. W. van der Vaart. Asymptotic statistics. Cambridge University Press, 2000.

A. W. van der Vaart and J. H. van Zanten. Rates of contraction of posterior
distributions based on Gaussian process priors. The Annals of Statistics, 36(3):
1435-1463, 2008a.

A. W. van der Vaart and J. H. van Zanten. Reproducing kernel Hilbert spaces of
Gaussian priors. Pushing the Limits of Contemporary Statistics: Contributions
in Honor of Jayanta K. Ghosh, 3:200-222, 2008b. IMS Collections.

76 /76



A. W. van der Vaart and J. H. van Zanten. Information rates of nonparametric
gaussian process methods. Journal of Machine Learning Research, 12:
2095-2119, 2011.

A. W. van der Vaart and J. A. Wellner. Weak Convergence and Empirical
Processes: With Applications to Statistics. Springer, New York, 1996.

V. Vapnik and A. Y. Chervonenkis. On the uniform convergence of relative
frequencies of events to their probabilities. Soviet Math. Dokl., 9:915-918,
1968.

M. Wainwright. High-Dimensional Statistics: A Non-Asymptotic Viewpoint.
Cambridge Series in Statistical and Probabilistic Mathematics. Cambridge
University Press, 2019.

Y. Yang and A. Barron. Information-theoretic determination of minimax rates of
convergence. The Annals of Statistics, 27(5):1564-1599, 1999.

T. Zhang. Some sharp performance bounds for least squares regression with /;
regularization. The Annals of Statistics, 37(5):2109-2144, 2009.

ek B Bl G AL, 2015.

P. Alquier and K. Lounici. PAC-Bayesian bounds for sparse regression estimation
with exponential weights. Electronic Journal of Statistics, 5:127-145, 2011.

R. Baraniuk, M. Davenport, R. DeVore, and M. Wakin. A simple proof of the
restricted isometry property for random matrices. Constructive Approximation,
28(3):253-263, 2008.

76 /76



P. Bartlett, O. Bousquet, and S. Mendelson. Local Rademacher complexities. The
Annals of Statistics, 33:1487-1537, 2005.

P. Bartlett, M. Jordan, and D. McAuliffe. Convexity, classification, and risk
bounds. Journal of the American Statistical Association, 101:138-156, 2006.

C. Bennett and R. Sharpley. Interpolation of Operators. Academic Press, Boston,
1988.

P. J. Bickel, Y. Ritov, and A. B. Tsybakov. Simultaneous analysis of Lasso and
Dantzig selector. The Annals of Statistics, 37(4):1705-1732, 20009.

S. Boucheron, G. Lugosi, and P. Massart. Concentration Inequalities: A
Nonasymptotic Theory of Independence. OUP Oxford, 2013. ISBN
9780199535255. URL
https://books.google.co.jp/books?id=koNqWR1uhPOC.

O. Bousquet. A Bennett concentration inequality and its application to suprema
of empirical process. C. R. Acad. Sci. Paris Ser. | Math., 334:495-500, 2002.

E. Candés. The restricted isometry property and its implications for compressed
sensing. Compte Rendus de I'Academie des Sciences, Paris, Serie |, 346:
589-592, 2008.

F. P. Cantelli. Sulla determinazione empirica della leggi di probabilita. G. Inst.
Ital. Attuari, 4:221-424, 1933.

76 /76


https://books.google.co.jp/books?id=koNqWRluhP0C

O. Catoni. Statistical Learning Theory and Stochastic Optimization. Lecture
Notes in Mathematics. Springer, 2004. Saint-Flour Summer School on
Probability Theory 2001.

O. Catoni. PAC-Bayesian Supervised Classification (The Thermodynamics of
Statistical Learning). Lecture Notes in Mathematics. IMS, 2007.

A. Dalalyan and A. B. Tsybakov. Aggregation by exponential weighting sharp
PAC-Bayesian bounds and sparsity. Machine Learning, 72:39-61, 2008.

S. Dasgupta and A. Gupta. An elementary proof of the johnson-lindenstrauss
lemma. Technical Report 99-006, U.C. Berkeley, 1999.

K. R. Davidson and S. J. Szarek. Local operator theory, random matrices and
Banach spaces, volume 1, chapter 8, pages 317-366. North Holland, 2001.

M. Donsker. Justification and extension of doob’s heuristic approach to the
kolmogorov-smirnov theorems. Annals of Mathematical Statistics, 23:277-281,
1952.

R. M. Dudley. The sizes of compact subsets of hilbert space and continuity of
gaussian processes. J. Functional Analysis, 1:290-330, 1967.

M. Eberts and I. Steinwart. Optimal learning rates for least squares svms using
gaussian kernels. In Advances in Neural Information Processing Systems 25,
2012.

S. Ghosal and A. Van der Vaart. Fundamentals of nonparametric Bayesian
inference, volume 44. Cambridge University Press, 2017.

76 /76



S. Ghosal and A. W. van der Vaart. Posterior convergence rates of dirichlet
mixtures at smooth densities. The Annals of Statistics, 35(2):697-723, 2007.

S. Ghosal, J. K. Ghosh, and A. W. van der Vaart. Convergence rates of posterior
distributions. The Annals of Statistics, 28(2):500-531, 2000.

J. Ghosh and R. Ramamoorthi. Bayesian Nonparametrics. Springer, 2003.

E. Giné and R. Nickl. Mathematical foundations of infinite-dimensional statistical
models, volume 40. Cambridge University Press, 2016.

V. I. Glivenko. Sulla determinazione empirica di probabilita. G. Inst. Ital. Attuari,
4:92-99, 1933.

W. B. Johnson and J. Lindenstrauss. Extensions of lipschitz mappings into a
hilbert space. In Conference in Modern Analysis and Probability, volume 26,
pages 186—206, 1984.

W. B. Johnson, J. Lindenstrauss, and G. Schechtman. Extensions of lipschitz
maps into banach spaces. Israel Journal of Mathematics, 54(2):129-138, 1986.

A. Kolmogorov. Sulla determinazione empirica di una legge di distribuzione. G.
Inst. Ital. Attuari, 4:83-91, 1933.

V. Koltchinskii. Local Rademacher complexities and oracle inequalities in risk
minimization. The Annals of Statistics, 34:2593-2656, 2006.

M. Ledoux. The concentration of measure phenomenon. American Mathematical
Society, 2001.

76 /76



P. Massart. About the constants in talagrand’s concentration inequalities for
empirical processes. The Annals of Probability, 28(2):863-884, 2000.

D. McAllester. Some PAC-Bayesian theorems. In the Anual Conference on
Computational Learning Theory, pages 230-234, 1998.

D. McAllester. PAC-Bayesian model averaging. In the Anual Conference on
Computational Learning Theory, pages 164-170, 1999.

M. Mohri, A. Rostamizadeh, and A. Talwalkar. Foundations of machine learning.
MIT press, 2018.

S. Mukherjee, R. Rifkin, and T. Poggio. Regression and classification with
regularization. In D. D. Denison, M. H. Hansen, C. C. Holmes, B. Mallick, and
B. Yu, editors, Lecture Notes in Statistics: Nonlinear Estimation and
Classification, pages 107-124. Springer-Verlag, New York, 2002.

G. Raskutti and M. J. Wainwright. Minimax rates of estimation for
high-dimensional linear regression over /,-balls. |IEEE Transactions on
Information Theory, 57(10):6976-6994, 2011.

G. Raskutti, M. Wainwright, and B. Yu. Minimax-optimal rates for sparse additive
models over kernel classes via convex programming. Journal of Machine
Learning Research, 13:389-427, 2012a.

G. Raskutti, M. J. Wainwright, and B. Yu. Minimax-optimal rates for sparse
additive models over kernel classes via convex programming. The Journal of
Machine Learning Research, 13(1):389-427, 2012b.

76 /76



M. Rudelson and S. Zhou. Reconstruction from anisotropic random
measurements. |EEE Transactions of Information Theory, 39, 2013.

S. Shalev-Shwartz and S. Ben-David. Understanding machine learning: From
theory to algorithms. Cambridge University Press, 2014.

I. Steinwart and A. Christmann. Support Vector Machines. Springer, 2008.

I. Steinwart, D. Hush, and C. Scovel. Optimal rates for regularized least squares
regression. In Proceedings of the Annual Conference on Learning Theory, pages
79-93, 2009.

T. Suzuki. Pac-bayesian bound for gaussian process regression and multiple kernel
additive model. In JMLR Workshop and Conference Proceedings, volume 23,
pages 8.1-8.20, 2012. Conference on Learning Theory (COLT2012).

T. Suzuki and M. Sugiyama. Fast learning rate of multiple kernel learning:
Trade-off between sparsity and smoothness. In JMLR Workshop and Conference
Proceedings 22, pages 1152-1183, 2012. Fifteenth International Conference on
Artificial Intelligence and Statistics (AISTATS2012).

M. Talagrand. New concentration inequalities in product spaces. Invent. Math.,
126:505-563, 1996a.

M. Talagrand. New concentration inequalities in product spaces. Inventiones
Mathematicae, 126:505-563, 1996b.

M. Talagrand. The generic chaining. Springer, 2000.

76 /76



T. Tao. Topics in random matrix theory. American Mathematical Society, 2012.

A. Tsybakov. Optimal aggregation of classifiers in statistical learning. Annals of
Statistics, 35:135-166, 2004.

A. B. Tsybakov. Introduction to nonparametric estimation. Springer Series in
Statistics. Springer, 2008.

S. van de Geer. Empirical Processes in M-Estimation. Cambridge University Press,
2000.

A. W. van der Vaart. Asymptotic statistics. Cambridge University Press, 2000.

A. W. van der Vaart and J. H. van Zanten. Rates of contraction of posterior
distributions based on Gaussian process priors. The Annals of Statistics, 36(3):
1435-1463, 2008a.

A. W. van der Vaart and J. H. van Zanten. Reproducing kernel Hilbert spaces of
Gaussian priors. Pushing the Limits of Contemporary Statistics: Contributions
in Honor of Jayanta K. Ghosh, 3:200-222, 2008b. IMS Collections.

A. W. van der Vaart and J. H. van Zanten. Information rates of nonparametric
gaussian process methods. Journal of Machine Learning Research, 12:
2095-2119, 2011.

A. W. van der Vaart and J. A. Wellner. Weak Convergence and Empirical
Processes: With Applications to Statistics. Springer, New York, 1996.

76 /76



V. Vapnik and A. Y. Chervonenkis. On the uniform convergence of relative
frequencies of events to their probabilities. Soviet Math. Dokl., 9:915-918,
1968.

M. Wainwright. High-Dimensional Statistics: A Non-Asymptotic Viewpoint.
Cambridge Series in Statistical and Probabilistic Mathematics. Cambridge
University Press, 2019.

Y. Yang and A. Barron. Information-theoretic determination of minimax rates of
convergence. The Annals of Statistics, 27(5):1564-1599, 1999.

T. Zhang. Some sharp performance bounds for least squares regression with
regularization. The Annals of Statistics, 37(5):2109-2144, 2009.

76 /76



	機械学習概要
	学習理論概要
	一様バウンド
	基本的な不等式
	Rademacher複雑さとDudley積分
	局所Rademacher複雑さ

	最適性
	許容性
	minimax最適性

	ベイズの学習理論
	文献情報

