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Deep Learning Model ;

Alex-net [Krizhevsky, Sutskever + Hinton, 2012]
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« Stacking layers yields a complicated function.
« Universal approximator.



Details of each layer !

Affine transform +
activation function

dor1(z) = n(W O gy(z) + 1)

W ¢ RMe+1Xmy
b €1 JIRENTELEE

DILWEIBDONNTH 510 2 | y,

B TE ) —

:' | « Sigmoid function

1
nu) = 1 +e v

Activation function

/ReLU (Rectified Linear Unit)\
n(u) = max{u, 0}
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c EOBEMS DFIRICE o TREIBHICKH S
4 Y4 N/ Y4 )

e N A= X 58 b H B BesovZE ] BRTT—2X

[Schmidt-Hieber, 2019] [Nakada&Imaizumi,

[Imaizumi&Fukumizu, 2019] [Suzuki, 2019] 2019][Chen et al., 2019][Suzuki&Nitanda, 2019]
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[Suzuki&Nitanda, 2019]
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X\, S1,S5,S83: Smoothness
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[Satoshi Hayakawa and Taiji Suzuki: On the minimax optimality and superiority of deep neural network
learning over sparse parameter spaces. arXiv:1905.09195.]
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infsup E[|f — O[5, ;] = inf  sup  E[[|f — 7, (p)]
f:Linear focF f:Linear focconv(F)
L f
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[Hayakawa&Suzuki: 2019][Donoho & Johnstone, 1994]
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EATFH3E & DR

RIERERIE M = REEY S EEmAY2LH A

Neural Tangent Kernel R~ T REWICH—FILE AN
/Early stoppingih &

Ein RN IR A~ T AN JAN

(Bt D) EIR (BkoT) ReF vy FiI3RiaEd A

HIRXtLangevinEl % )/ RKREWETILIENG

AR BIR/#ER MEX+ v 7/R/BE O

R—0 s ZE&H TR

RENNE TV DI Z KT Hadfl L7,
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> R R tLangeving& 15

> AL TEBE{RELE

[Muzellec, Sato, Massias & Suzuki: Dimension-free convergence rates for gradient Langevin
dynamics in RKHS. arXiv:2003.00306]

[Suzuki: Generalization bound of globally optimal non-convex neural network training:
Transportation map estimation by infinite dimensional Langevin dynamics. arXiv:2007.05824]



REFEOFE”

IRRXBEHERIME L(W)

min L(W)

(W +1EXxTT)

REZ2—TNW2y T —0%T —
RIZT7 4y bIEDHER?

- LS
i !

LS o IBEHDT—XTIERLTLNIE
LR INEL, BE->TUONIEKREL

BREH T —X~ADHETEXYVESEL

%

B, (FERM)DERETETRENL

=
il
i |-
&



[l =

B EUD I T B X

B 0F (x) + (1 = 0)f(y) = F(Ox+ (1 -0)y) (v¥x,y eRP,0<]0,1])
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B ERIEE = KN REE ISkl p 57 DR P i)
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W Ry FT =7 DFEIINP-FE:
« Judd (1988), Neural Network Design and the Complexity of Learning.
« Blum&Rivest (1992), Training a 3-node neural network is NP-complete.
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> Neural Tangent Kernel
> Mean-field analysis ((E¥935#247)
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 Neural Tangent Kernel®regime (lazy learning )

> aj = O(l/VM) [Jacot+ 2018][Du+ 2019][Arora+ 2019]
« SLITIZERNT Dregime
[Nitanda & Suzuki (2017), Chizat & Bach
> aj — O(l/M) (2018), Mei, Montanari, & Nguyen (2018)]

MENTKDO1/ANVMBWRIEZ Z £ TRETIH AL, 1I/MEYKEWI EHNEE,
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NTK

fw (@) = (W = WOV fiyo ()

MEED X T —IILARKREWD T, FWEHMEREY D
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Optimization in NTK regime

LUFD &S IZHER LT 5
~ (+1)r (4, — is generated evenly)

-
* w; ~ N(0,1) Zam wj @)
Theorem [Arora et al., 2019]

M = Q(n?log(n)/Amin ) & T NI, BBSEIC L > TR
BEEEANKRZUNEE L, £ ONLEERE] i\/yT(K ) ly/n T
Mz ouhnb,

See also[Du et al., 2018; Allen-Zhu, Li & Song, 2018; Li & Liang, 2018]

o RIS EQDEEICIRIFUNERE T 5.
e NLEEDH —ILIAZALNTWES
- EBIEMIZY Y TP A4 Xnlzis L 'CﬂBEjv\ﬁ% HEHRDH S,

« A—RIVEDRHEAZIRITHETULARL,
e T—RICEERIZT 4y FEHETCLES>OTEFEORIBEMEDL Y.




Beyond kernel
FIRES : NTKIZBATA LT WA, BRI —FILED

BRLOCTREFEORE HPEAL,

> NTKZ [ AHTIERDOHAADN WL DAL INT WS
(SHEENTFEEIND)

« Allen-Zhu&Li (2019,2020)

Allen-Zhu&Li: What Can ResNet Learn Efficiently, Going Beyond Kernels? NIPS2019.
Allen-Zhu&Li: Backward Feature Correction: How Deep Learning Performs Deep
Learning. arXiv:2001.04413.

(ResNetBdxy b7 —2 TH—XILEEHMT 2R0)
e Li, Ma&Zhang (2019)

Li, Ma&Zhang: Learning Over-Parametrized Two-Layer ReLU Neural Networks
beyond NTK. arXiv:2007.04596.

(T Y NDBROERTREFEN D — 2N EEET D% RLT)
« Bai&Lee (2020)

Bai&Lee: Beyond Linearization: On Quadratic and Higher-Order Approximation of
Wide Neural Networks. ICLR2020.

(ZRkOoT47—ERETED)
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fo(z)

M

1 M — o

f(z) = Vi § ajn(w; r) —— | an(w’ z)p(a, w)dadw
g=1

W) (ow) BT IHERTENICL DT HRBES:
fOFRE & pDEE

9
[ % — V- (vspy) s A e ]

Wasserstein B fig i

[Atsushi Nitanda and Taiji Suzuki: Stochastic Particle Gradient Descent for Infinite Ensembles. arXiv:1712.05438.]
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f(z) = Vi Z a;n(w; x) \%:*ﬁ??ﬁ“%ﬁ%%i@ib@“ﬁﬁ 12BN T & T BRI =
j=1 N/ B I N5,
12> DR F

T—RZA~ADYETIFFY %
BLT57FmICEA

U
(BRI FOBEAA : FEEAHRA)

M1{E D HLFH ¥ B
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[Nitanda&Suzuki, 2017][Chizat&Bach, 2018][Chizat, 2019]

[Nitanda&Suzuki, 2017]
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McKean-Vlasovi8ig BE=8 ~

c JAXBYRAFTITR pr
/ (dlstrlbu‘uon:
Model: f,,(z) = /an(XtTa:)dpt(Xt) /o_g_,r'
o~ » o&—
p¢: law of X; at time ¢ / o mtem o

each particle)

LA F 22 X (McKean-Vlasovi@i2):

dXt — —Utdt I \/;dBt

v (X¢, pt) Zﬁi foo(T3), yz)m? (Xsz)

Fokker- Planckﬁi—a_t X, DIET 1T T3 < 3401 b ikTE
dp:

_
o = Vo (up) + 5 A

o UNEE#RIT: Mei, Montanari&Nguyen, 2018; Rotskoff &Vanden-Eijnden, 2018.
o EEFIEIEREE: Weinan et al., 2019; Tzen&Raginsky, 2020; Lu et al., 2020.



|4 i

5 22 R L
t—|—1 = X" — ety( tapt)+\/§€t

(i.i.d., standard Gaussian)

'UA (Xt 7:075 ZE/ fpt xz) yz)an (XmT )

1=1
M

mT ~
foula Z (X] (pr =5 M 6xm)

m=1 Empirical distribution

Pros: E &0 H~DINEARIEENT WS,

[Mei, Montanari&Nguyen, 2018][Tzen&Raginsky, 2020]
Cons:

« “EIR"M3exp(TYTHBIHEDLHSD. BT, NERZFRET 5121
BIBIITDZ2<<T20EDH Y (BRNFHETITIRRILESNT),
« HORME & (dB,) IIBHF I & ICIHIIFE— ISR
>ﬁw¥%®ﬁ§1hﬂw@éﬁ%@éﬂiw%ﬂm ERDODNNTIZL
fLEHN WKL FICIZELI- / 14 X,
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Sharp minima vs flat minima

SGDIx [ 77 v PERFrRER] (SZBPTUVLBWAbEEZRT
EWDER

Training Function

.
[ i Testing Function

- 5,-f’ S : : \ ¢ :
~_ "k — : : o)
g U, - . 9 AU

Flat Mmlmum Sharp Minimum
Keskar, Mudigere, Nocedal, Smelyanskiy, Tang (2017):
On large-batch training for deep learning: generalization gap and sharp minima.

|
O =01 —an | 7> Voll(z,30) cT75y b &V B EER DR Y
| j:1Y / FHIZELBADSLEBRARLE U S )
(Dinh et al., 2017)
~ AN\ ’
= FR T -PAC-Bayes|c & % #1#7 (Dziugaite, Roy,

= FVELIF—71E7 Ty FEREEIC  2017)
EEEYRTL



/A XICEBFEILFHE -

Original function f f convolved with [—0.6, 0.6]
15.0 A 121 == OISy region
12.5 - 10 1
10.0 - 8 -
smoothing
7.5 1 6 -
5.0 4 4
2.5 1 5 4
0.0 T T I I T T T
-2 0 2 —2 0 2
X X

[Kleinberg, Li, and Yuan, ICML2018]

BEENAEZAWVS = I/ A X%ZFETW5 > BRBEKOFESRIL
Ty = xt—1 — N(VL(wt-1) + &) (y¢ = o + &)
= Yt = Yi—1 — N&—1 — NV L(yi—1 — n&i—1)
= e, _, Y] = Y1 — nVEe, L(yi—1 — n&t—1)]

/A XZMATEBILL-EHRWBEE L(y) = Ee, [L(y: — né&;)] ZE&E1E.




GLD/SGLD

e Stochastic Gradient Langevin Dynamics (SGLD)

L(z) = — i (
min L(x) ;gggnz (k)

( l__/mlr— \
dX; = —VL(X;)dt + v/ 25 1dB; (BBELangeving 71%)

Ewats: T oxexp(—BL(X))

\ _J
il [Gelfand and Mitter (1991); Borkar and
Mitter (1999); Welling and Teh (2011)]
GLD: X, 1 =X, —nVL(X;) + 2n81& (Euler-Maruyamasf{il)
gt ~ N(07 ])
SGLD: X;.; = Z V(X)) + V20871
ZEI

\_ J




Gaussian noise

Gradient descent



IREE (FRXIT)

/e f:HR, Lipschitz@fs, &5 7RG
o < B, ||Vli(z) — VE(y)|| < M|z —y|

illo < A, ||V
o BUREH:

(VL,w) > m|w|*—b (Vw € RY)

\_ (+ ZOfH LR

[Raginsky, Rakhlin and Telgarsky, COLT2017]
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BIL(X)] - LX) <O((8+ ™+ 2 exp (
dlog(B + 1))
7

= (ﬁ(g—]ﬁnm))

c LIFART PILFrvyTEEONDE,

— RITACHERE /N T X — RBICHK L THEHBIEAY IS (KT,
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D5,

Xu et al. (NeurlPS2018) (ZUXZEL — F #FE L TWL 3 1Y,
FEWND Y.
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Infinite dim non-convex optimization

by Langevin dynamics

Joint work with Boris Muzellec (CREST, ENSAE,), Kanji Sato (U-Tokyo),
Mathurin Massias (INRIA).

[Boris Muzellec, Kanji Sato, Mathurin Massias, Taiji Suzuki: Dimension-free
convergence rates for gradient Langevin dynamics in RKHS. arXiv:2003.00306.]



R R IT A DHLIR

[Muzellec, Sato, Massias, Suzuki, arXiv:2003.00306][Suzuki, arXiv:2007.05824]

min L(x) H: Hilbert space

rEH

‘ EAIE

in L M|z || 5 “smaller” Hilb
;Iél?r_tl (ﬂ?)—|— ||33HHK ﬁKS(LnaHel“ i er;zace

Ex.
« H:L(p)
o My BERKEILAIL 22/ (e.g. SobolevZE )

N

SRl

BERDRE: KEHNRER I IH TToIOETE 5.

E.g., Bayesian optimization on infinite dimensional space

[Zimmermann and Toussaint. Bayesian functional optimization. AAAI, 2018]
[Vellanki, Rana, Gupta, de Celis Leal, Sutti, Height, and Venkatesh: Bayesian functional optimisation
with shape prior. AAAI, 2019]
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V‘r;lé% L(fW) w / 0
fwte) = [ awow) 2)dmw) Lt
R4 / e
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ResNet

fl@)=u' [+ Fr())o I+ Fr_i(-)) oo I+ Fi(z))

Residual block

Residual block

Training deep net can also be formulated as transportation map optimization.



2BENNDFE: EiERIRA "

Nty

L) = =3 i) + ZIWIE
fw(x) = Z%U(’%‘Tﬂ?‘)

j=1

{0 a; <3 7 fory>1/2

e 7) is a smooth activation, e.g., sigmoid.

A NTK & ZLU, ajii?\—ﬁﬁ/ff

ICHEBICHIRFSET RT —
N IVEBETE 2.

Dot e%
R (TNKlda = 1/VM & § )




Transportation map learning

e \Wasserstein metric

m:coupling

Wo(X,Y) =,/ inf / IX — V|2dn(X,Y)
R4 x R4

Y

Coupling of X and Y: P

distribution on R¢ x R? such that the maginal distribution ly

satisfies txfim = Px, tyfim = Py «
Monge version: ‘lx

X
Wa(X,Y) = inf 1X — T(X)|]2dPx (X) Px
T:TﬂPX :Py Rd

n PX
T = arg min {1 2+ AD(TﬁPXPy)W\/\/\




Other examples

« Bayesian optimization on infinite dimensional space

Samples from the posterior

3o 5 0 5 10
X

[Zimmermann and Toussaint. Bayesian functional optimization. AAAI, 2018]
[Vellanki, Rana, Gupta, de Celis Leal, Sutti, Height, and Venkatesh: Bayesian functional optimisation
with shape prior. AAAI, 2019]

 Tensor decomposition on RKHS

[M. Signoretto, L. De Lathauwer, and J. A. Suykens. Learning tensors in reproducing kernel Hilbert spaces
with multilinear spectral penalties. arXiv preprint arXiv:1310.4977, 2013]

[T. Suzuki, H. Kanagawa, H. Kobayashi, N. Shimizu, and Y. Tagami. Minimax optimal alternating
minimization for kernel nonparametric tensor learning. In Advances in Neural Information Processing
Systems 29, pages 3783-3791. 2016]

 Robust classification

[H. Masnadi-Shirazi and N. Vasconcelos. On the design of loss functions for classification: theory,
robustness to outliers, and savageboost. In Advances in Neural Information Processing Systems 21, pages
1049-1056. 2009.]
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A 2
dX; = -V (L(Xt) + §HXtH31K) dt + \/%dft

@) ©.@)
J VL For x = Za:jfj € H ,welet ||:BH/2HK = Zu}lx? where pij ~ j 2
j=1 j=1

Cylindrical Brownian motion: &, = 32, &, f;

L%
(" )
Xnt1 =95, (Xn —nVL(X,)+ 2%@) (577 = (I+77)\A)_1>
| CERMEUler2 % — 1) A= diag(py s )

En = 0 Yn.j f; where v, ; ~ N(0,1) (i.i.d.).



Galerkinikfl & fEZRA LD

« X7 ~Z)LGalerkinif{LL:

HMBRTTHAF 27 RNTEBRIZFHETEAR L.
— N-2R %2 B Tar el

Hpy :=span{ fo,..., fn} Pn: Projection to Hy

[ X =5, (X?zlv —nPNVL(X)Y) + \F%PN&,) J

« HER DB DF
4 )
XY, = 8, (xzf Py Y VOO @zﬂgn)
nlier,
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E B0

A 2
dX, = -V <L(Xt) + 5||Xt||?,%K> dt + \/%th

s = N(0,C)  (HilbertZf LD A~ Z2612)
where C' = (8\) " tdiag(po, p1, ... ).

Too(T) X exp (—BL(x) — %xT01x> ERRRL THRL.

(ERRRTT) ARSIy anvEhEoEENHIT
A RBEZFIHEZHAVWERA AEZETBICHIRT B.

— i@.f—f‘—%‘ %Bﬁ 35):“'3-;_ A [Suzuki, arXiv:2007.05824]
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EILN)L k28 =
H={> e ofi | >peor <0}
(z,y) = ZZO:() apfr  forx =3, akfi, v =k Bk

RKHSH#E &

Hi = {D peo ki | Dopeo @i/t < 00}
(T, Y) 1k = ZZOZO arBr/ ik for =3, apfe, vy =1 Brfk.

RE (BEHEDED)

pi >~ k7
(%i ARBRTIERWD, w~kP(p>1) ELTHEL, )

L(z) =min =Y 4i(z) + (22||lz)?) |7
iy L) ;%Z #liel) [@}




Related work

 Finite dimensional Langevin dynamiCS'

> Convergence in low (convex case) Dalaoyan and Tsybakov, 2012;
Dalalyan, 2016: Durmus and Moulines, 201

» Non-convex Optimization: Raginsky et al., 2017; Xu et al., 2018;
Erdogdu, Mackey and Shamir, 2018, .....

* Infinite dimensional Langevin dynamics:

» Continuous time:

« Existence & Unigueness of invariant measure: Da Prato and Zabczyk,1992;
Maslowski, 1989; Sowers, 1992.

« Geometric ergodicity: Jacquot and Royer, 1995; Shardlow, 1999; Hairer, 2002,
Its explicit rate: Goldys and Maslowski, 2006.

» Discrete time:

« Weak apﬁrom atio n te of discretized scheme: Hausenblas, 2003;
Debussc 11; Brehier, 2014; Bréhier and Kopec 2016.

Other topics (MCMC in Hilbert space):

« preconditioned Crank—Nicolson (pCN): Hairer et al., 2014: Eberle, 2014;
ollmer, 2015; Rudolf and Sprungk, 2018.

o I\/Ietro% olis- Adjusted Langevin Algorithm (MALA): Durmus and Moulines,
201b; Beskos et al., 2017.



Assumption (1)

@ It either holds: N
e (Strict Dissipativity) A > Mpug , or (38):38 M
e (Bounded gradients) ||[VL(:)|| < B, for B > 0. (59

N /

. _




Assumption (2)

e ™
e Smoothness:

IVL(z) = VL(y)|| < M|z — y]|

J
G » Strong smoothness condition: 2

= S NE A — 33 ~
For o € (1/47 1)’ (P EWFEIEL — FHNEL R D)

IVL(z) = VL(y)|| - < Mljz —y|

1/2
where [l = (s (m0)*| (. f)2)
k (This is not standard, but, is satisfied in the previous examples)

VAN

e Third order smoothness:
Let Ly = L(Pnyz). There exists o/ € [0, 1) such that
ID?Ly(z) - (h,k)|lar < Corllhllollkllo,
N |ID?Ln(z) - (h,k)|lo < Carllh]|-ar||Ello- )




2= O BRI

Moo E 6 7010

Thm (informal) [Muzellec, Sato, Massias, Suzuki, arXiv:2003.00306 (2020)]

ittt &, RAKY LD :

L(X,)— /L(a;)dﬁoo(x) < exp (—A;nn) + %nlﬂ_"”
0

(seometric ergodicity + time discretization)

72720 k>0 IFEBDEDER, ¢ =/ (BRHDE), cp =1 (&K
RIEE).

Remark: /L(gj)dﬁoo(ﬂj) ~ L(z) for & :=argmin {L(az) + %HxH%K}
reEH

SFRRIE AT DRI DT 7 = v 7 %#15H: Brehier 2014; Brehier&Kopec 2016;
Mattingly et al., 2002; Goldys&Maslowski, 2006.



SLE DR (2)

. ~ : A
x* ;= argmin L(x) Z := arg min {L(ZE) + —HCUH%LK}
rEH rEH 2

Thm (informal) [Muzellec, Sato, Massias, Suzuki, arXiv:2003.00306 (2020)]

FROEFHDDL &, RHKYILD

% % €8 _1/2—x (geometric ergodicit
L(X,) — L(z*) <exp (—A*nn) + = y
(Xn) (z7) S exp ( n 77) Agn + time discretization)

1 1 7
+ 5 <\/:+ 1) + A (”x\%K + ||§;||3{K)

+ L(Z) — L(z") (bias of invariant measure)

72720 k>0 IFEBDEDEE, ¢ =/ (BRRDE), cp =1 (&K
RIEE).

Ny AN B F vy 7, BICH L THEEBONEKENH 5.
EFRRIZLIT XD T 7 = v o #38H: Brehier 2014; Brehier&Kopec 2016;
Mattingly et al., 2002; Goldys&Maslowski, 2006.

o FEFEOEREAL~NDIEENALIREERENT @ Suzuki, arXiv:2007.05824.



JAXOayrOo—i

s REBHERIER B D7D I1EL - o2,

« AR MILF v TIELICTEEAY ICHKTE.

» REIMERERE X DY TRFFRICHICA > TWT,
BEN TSP & ) BRBESELEIC/N S ITNITE

FCAREICT B THERL,

« B Z IF2ENNTIZFIRERZE DR D BT IS

RRIMIC7 A Z & AYH B [Liand Yuan, 2017][Chizat, 2019]
(Boa2—AYHAEEICIESITTVWEESIZZ YR D)




n,sﬁa)ﬁﬁq:

SUNR 7 TR

E[p(Xn)] = o(2")| <7
FTEL, @IRIE S B,

« Raginsky et al. (2017),
Bréhier (2014), Bréhier and Kopec (2016):

Elp(Xn) — ¢(X(nn)))]

+ Elp(X(nn)) — o(X7>)]

+ E[p(X7) — o(z7)]

\_

(e Xu et al. (2018):

E[p(Xn) — ¢(XH7)]
+ E[p(XH7) — (X))
+ E[p(X7>) — ¢(z7)

~

i &H—IFEﬁ
L — FAERWN, — AT Y BmWEELINE

(Strong smoothness)




S—HONUVE  EE
B6(Xn) — ¢(a")] =[E[6(Xn) — o(X#)]+ EIg(XP ) — (X™)] + E[$(X™) — g(2”)]

B (BRI 4 A + 2 7 XD Geometric ergodicity)

B EEN U, N2 7T-—2FE L T (BRAH),
geometric ergodicity (0 ~DIRFUNE) A% 372 D:

E[¢(Xn) = ¢(X*7)] < C(1 + [lzol]) exp (—Ajnm)
fefEl, "ARTFILF vy TTA BUATOLSICEZLND,

(i) (Strict dissipative) (i) (Bounded gradient)
A
A*:d A;:Cmin(i,l)(s
n 1 _'_77% 2,LLO 2
for ¢ =exp(—-0
. | w-0@)
XHn: rv. obeying p, Xo = x¢ (constant)

o BRRITDZE EED, BEBERGEDNTWEEZ O Y LT,
« Coupling argument: LyapunovZ&fF, majorizationgetE & 1
(Mattingly et al. (2002) & Goldys&Maslowski (2006) D727 —v 7 #&bhH 3)



Geometric ergodicity BE=

 Coupling argument

Prob(“couple” until time t)
>1—e ¢t

[ La/mICHES



Second term bound EBE=

B[6(X,) — 6(27)] = E[3(Xn) — 6(X*7)] +{E[p(X"7) — (X™)] [+ E[p(X™) - o(a")]

X"n: the invariant measure of discrete time dynamics
X™: the invariant measure of continuous time dynamics
(existence and uniqueness are well known)
Lemma (Discrepancy between invariant measures)

Forany 0 < k < 1/2, there exists a constant C such that

Elp(X#n) — ¢(X™)]| < Cll¢llo ﬂj) /2,

+ [¢llo,2 = max{||¢]lso, | DPlloc: |1D?lloc }
L ccp = \/E for bounded gradient condition, and B = 1 otherwise y

« Malliavin calculus

* As the step-size goes to 0O, the discrete time dynamics
approaches the continuous one.

« 3 affects the bound through the spectral gap Aj}.



BI{ZAZE & DIE L ==
c BEBERIA A S I/ 2D/ AIHTILT— K%

AL TWBTz®, LY ERWFHINR.

Brehier 2014: ¥ BrehierlZfAE 2 T L,

1/2—k
i é / + 6_5771/2—’43
A\ n Aj

Ours: I

E[p(Xn) — (X)) < C [exp (_A;;m?) 4 X_%nl/Q—m]

THNITLLT OBINSEHIC L 5.
e e
|VL(z) = VLy)||l-o < M|z —y
(B WEET=H, BRFEEICHTIEIEATIEH B)

56




<Yl 1= 1) VANy N 5%

E[6(X0) — ¢(a")] = E[$(X,) — (X#)] +E[6(X"7) — §(X™)|+ E[3(X™) ~ ("))

Xtn: BEENESEI X A S 2 7 xwm‘ Saxis]
X" EEERE A T I AROEDSDI (GrEE —EHIHRIEINTND)

HEE (B - BHEERAA F IV ROTEEDHDEWN)

ETREDO< Kk <1/2I2X L, HEIEHCHFELT,

Elp(X#n) — ¢(X™)]| < Cll6]l0.2 Cf) /2,

[ ¢llo2 = max{[|¢lloc, [ Do, [ D* oo }

L ccp = \/E for bounded gradient condition, and B = 1 otherwise y
- MalliavinfiZtf
« XT v THY A ZXn%0TEDITBE, BERERAA F I

ADEREEZ A+ 2 7Z <.
o BIIAYICEEL TWW 5.



=R =1 VALY B2 N =

E[$(X,) — 6(2")] = Blp(Xa) — (X*7)] + E[p(X*7) — 6(X™)] +{E[p(X™) — 6(2)]

dm
- . A —
Z := arg min {L(az) + —HxH?HK} Ay, () oc exp(—FL(x))
s = N(0,C') where C = mdlag(,uo,,ul, o)

o« JUNRTAPNY Y IRAXOEGEEBIFEEEZEWNGRA HIR
EN

« “Gaussian correlation inequality” ZFHWTXD EH Y Ord
REIZFHMT 5.



Galerkin approximation & SGLD

« Assumption: Smoothness of L. ——
. . - , A9
x* ;= argmin L(x) T = argmin § L(z) + < ||=||5 .
rEH zEH 2
Thm
Under some smoothness assumption on L, we have
L(X,,) — L(z*) <exp (—A*ng) + C_Bn1/2—m (geometric ergodicity
~ A* + time discretization)
1 1 [EAE? ~
T _ 1 )\ K 2
- <\K+ >+ (e s o,
+ (%) — L(z") (bias of invariant measure)
1/2 K
: N 41 nﬁn Ngy — N
Galerkin approx. —— AJ; \/ o (T — 1b')\ Mini-batch size
with high probability, where k > 0 is an arbitrary small constant.

(c.f., Brehier 2014; Goldys&Maslowski, 2006)



BREXITT/N—Y 3 v & DK

Hie = {2 neo Ok fr | Dopeo 0/ bk < 00

[
|

e up ~ 1/k* @eokR)

UEM&X%)—-¢@¥”M|<:cﬁ}Xp(_A;nn)+_£g

° Mk ~ ]_/k‘p (%3@) See [Andersson,Kruse&Larsson, 2016] for finite time horizon.
pHRELLBHIZIERE I 7 RSB ICH 5.

BO(X,) ~ 6(X)]| < C [exp (~Ajrn) + 27" "

R ——
BIRRTOEN IEp - oIS Easmasng: 4 Mk
Elp(X,) —o(XT)]| <C [exp (—Annn) + A—in ] _1/k
s I I

[Xu et al. (2018)] > k



Application: gradient noise convolution

 Non-convex objective

»Smoothing the objective by noise convlution
>Noise is determined by SGD.
>Gives good generalization error

Original function f

15.01

12.51

10.01

7.51

5.0 1

2.5 4

0.0 1

-2 0

Performance
comparison

f convolved with [—0.6, 0.6] 1 —nvf (d}ic.t; nu}}) ............... > «
121 == NOiSy region A xrl """ 4 o
104 = '_9-:) Noise 4 A / Mean K
. — —nwi s .xt+1
4\ smoothin S "x-'./(d;:\ P
] t € —nVf (deixe) § o
) éﬁ 2"- M ./
41 g N9 %, [Mean :
54 < ¢ Cens, " ¥
7 o 5 3 ' O e =) % S R
(Figure is from Kleinberg, Li, and Yuan, ICML2018)
Our proposal
Y i N
Datasets Batchsize  Baseline RNC [ GNC GNCtoRNC
ImageNet 32768 75.894-0.09 75.864+0.13 76.0340.18 76.05+0.07
131,072 65.57+0.45 65.14+0.86 | 68.394+0.40 68.13+0.48
CIFAR-10 4,096 03.48+0.26 03.70+£0.26 | 93.824+0.64 94.00+0.60
8,192 54.514£7.04  63.51+£20.45 | 91.004+£1.24  90.8841.53
CIFAR-100 4.096 72.874+0.37 73.0840.27 72.8940.38  73.79+0.40
8.192 69.21+£2.11 70.17+£1.36

[Haruki, Suzuki, Hamakawa, Toda, Sakai, Ozawa, Kimura: Gradient Noise Convolution (GNC): Smoothing

Loss Function for Distributed Large-Batch SGD. arXiv:1906.10822]

\?1.35:&0.2?

71.93+0.21 y,




AR = AR

[Suzuki: Generalization bound of globally optimal non-convex neural network training:
Transportation map estimation by infinite dimensional Langevin dynamics.
arXiv:2007.05824]



> ZEIEX

NALEEZ=:
GRiE*¥ > v 7)

SRRiRZ=: L(W)—  inf E[(f,2)]

f:measurable

Eg. “E—a—ZIxy =T FETIL:
@) i= [ alw)o(RIW(w)/R) )dpo(w)

[[W]] = sigmoid(WW)



R E
CERBEBEWISOWTHDITE DD
- BRBEHITER:

FBQHE (ERRTGLD): )

dWy = V< (W) + _HWtHHK> dt + \/7d£t

m) W, -9, (Wk—nVL + /2 gk)
I A D BEEL

s = (03| um )

\_
HEHEERXAF I 7 2ADEEGIbbso7:

(:TTO;(x) X exp (—BZ(x)) (#t-)Bayes=& 270

ng = N(0,C)where C = (BA)~diag(uo, p1,- - - ).




NALEEENI VB

« PAC-BayesiZ & BN L=/~

Thm CFUELIRE/NT > F)
Forany k > 0,

Ew, [L(W)] < Ew, [L(W3)] +

PAC-Bayesian stability bound [Rivasplata, Kuzborskij, Szepesvari, and Shawe-
Taylor, 2019]



Excess risk bound

L(W) =130 t(fw,2) L(f) =E[((f, 2)]

A

Excess risk:  L(W) — inf  L(f)

f:measurable
EMDIRZE:

+ > 1/4 : ETNOEHS %

(W, 2) = U2y, 2) b L(W) = E[L(W, Z)]
+ IWTEH stoinf L(f) = L(fw-) (= L(f))
* BernsteinZ&{¥ [Erven et al, 2015]:

E[(¢(f,Z2) = L(f*, Z))"] < B(L(f) — L(f"))°

- “FEEXk(s=1)
e OPRT 4 vk with BREALf (s=1)

+ B lexp (=2(U(f, 2) + ([, 2)))| <1

BEAEBIINHLE TH 2 HE(LH W,
BEONDHEHIBEWEEAFT->TWBE I & ERE.



Fast rate: —figfF2

Let Hy = T}QH)/QH and Hio = T}‘QWHWH .

Thm (Fast rate: excess risk bound)

Suppose that W* € Hzo for 0 <6 <1 — 1

2(v+1) "
Then, for a = it holds that

2(v+1) +1)’

Ep, [Ew, [L(Wk)] — L(W™)]

2a/6

§max{(AB)2 s(1-a/0) )~ 2= 3(1 ON . 5 1 )\9

fr

k




Proof idea

Prior mass

Concentration function:

‘— inf ABIWII2, . —log ig(AW € H : [|[W]l+ <
dp(e)i= b ABIWI, —logfis({ Wl < €})

fg: dist. of T?{ﬂh where h ~ g



Gaussian correlation inequality

1+ Gaussian measure in R? with mean 0.

E,F C R?: convex, symmetric about origin.

WENF) > wE) wF) o P

This had been a conjecture for a long time (at least from 1972).
Royen resolved this problem in 2014 using relatively elementary tools.

T. Royen. A simple proof of the gaussian correlation conjecture extended to multivariate
gamma distributions. arXiv preprint arXiv:1408.1028, 2014.

R. Latata and D. Matlak. Royen’s proof of the Gaussian correlation inequality. pages 265-
2175. Springer International Publishing, 2017.



Fast rate: [A])F

2(f,2) = (f(x) —y)?: ZFIEIEKX
o H: Lo(po)
o Hy: Watd/Z(R4) (Sobolev space)

o 0 = for B < «

2a—l—d

ANl=08=n&tg3zL7T

2min{ao,B}

Ep, [Ew, [L(Wg)] = L(W")| Sn~2e5a ™ + 5y

SobolevZEHO I vy 7 XAEHEL — MMI—2T 3
(a = BDFEF).




HIBIRIRLC 511 5 LR

> 1
«5R{E/ 4 XM o~
P(Y =1|X)—1/2| >6§ (as.) 1/2-Qeunereae B
e supp(Px) C [0,1]¢ and Px has density p such that /\/
p(z) = co (Vo € supp(Px)). - _ i
o EMEALEREIL 7 8 b D supp(Px)
ceC™(R) for2m >d oo _
cBEDREBITETNICASTWVWD ET B! f* = fiy-. fw () = ;aﬂ'”(wﬂ z)

+PRKEHEnEL <nlIXL,
E[Pr, {Wr € H | Px|sign(fw, (X)) = sign(f"(X))] # 0})]

< - 2m/(2m—d) =k
~ eXp( 065 ) + 52m/(2m—d)

NA ZEBRYIRIEEN S WEXRTKE D, retoszctal)



Summary =
REFEOMF BB O P ER-FOIEER L LR
Aff.
« SRR ITLangeving)
> 55 UNER D UK IR E

> EAMb & AN 2 Z & THERRITTDOYR = {RitE

« EIRXITLangevinB) = DN LR =B
> - A =R D H
> Nbx ¥ v 7
> Fast rate 0 EH —IErFwmEIL & / /X THEET

AIMNEIZRY LD

« ERBFEDEILEET] (minimaxBEH).
> Holder class [Schmidt-Hieber, 2017]
» Besov space [Suzuki, 2019][Hayakawa&Suzuki, 2019]
» Piece-wise smooth [Imaizumi&Fukumizu, 2018]
> Anisotropic Besov [Suzuki&Nitanda, 2019]

— RiE{LER & R EROmME
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