BERS>S21INENF

GBS >IN BAF




MR HIER :

F9 (& [ HEN] hSieeD.

dz,
d?

= f(z¢)

=k Tioar = T + At - f(xy) + o(At)

o NDEOFZHD & (At = t/M) -

t t t

Ty = XTo + %f(xo) + Mf(.rat) + Mf(szt) + -+ Mf(x(M—l)At) + o(1)

e Mook ddE:

t
Ty = T +/ flzs)ds morxs
0



Y

O |At 1

FEDDESE ~)LRN—TEDE TDEDD ~;
https://wakara.co.jp/mathlog/20200904_2]



Bl : HESTR (BDESET E) ’

- BEU (x) 2=/ IMEULTZLN.

dU ,
fla) = -2~ _pr(a
9D BRETAME. = [AfER]
dﬂ?t /
= U (w0)
dU(.ﬁCt) o / dilft / 9
= U () S = (U 0)

DEEMNOCTIRSTIRVE DU (x) (TR Ukl T B.

Polyak- Lojasiewicz &fF: 0 < U(z) < é(U’(ﬂf)f 5+ —REAER
(PL-2&1%) (@ > 0) U(x) = x?

—(U'(z4))? < —aU(x » U(xy) < exp(—at)U(zg)
HRAZUNER

dU(iBt) B
dt



» ISOEEBD X SIPHERN(CHNDEDITAF
=DA% ek UTZ0N

« WEPARDYAFZIXCF/AXNEENTND(ET.
(MR ZERDWSE, BEDEN, BUAITTSAVVAERN, ... )
Bl . O/RY bOEIE, ERETRYI, XK - EOBHE



[FER ] MDHFIED 6

« BEFIATYVIT" JAX"ZNMAD :

Xipnr = Xp + At - f( X)) VAL 046 (At - 0)

oy tICOIKIF I DE (J A ADKEZRE) At 06 LIS
DEKTINR"S BH\E

¢, ~ N(0,1) : EEERN0

CEHTES.
N(0,0*) DR RIER (F490,9802)
1 2
p(x) = exp (— u ) N(0,1)

202

V2mo?

dRTTDIHE
_ 1 z]?
p(x) = exp

(2mo?) 20°

sH

(B D= https://mathlandscape.com/normal-distrib/]



IEREERIZN

P(X e A) = /Ap(ac)da:

HERZBANESACADER = BERBEDA L TOED

EM%i/wwﬂaVM%=/@—HXWM@M,

/
0.3

FE
o ZERHBARIEX = xETRDERTIIIRN.
. EHUTIZUS THRRICRS. :

N(0,1)

. REARTOEDZ1ICIRB. T T4

g

( Fack  TIRBEEEMX, YORL(Z = X + ¥) DRTEOREZE (4

pz(2) :/ py (z — x)px (v)dx
\_ TH5EZ6N5. (FEPHITERWCEITER!)

~

J

W [ a0 = [ 1) ( / Zpy(z—:c)pxmdw) d: = [ [ 1@y - opx(a)dsd:

— [ [ 1@+ vy px(a)dsay

(z,y) + (2,2 — x) DER

=

1



IERD DS z=]

o IERRTMDIEN :
X ~N(0,1) =>ViX ~ N(0,t) EEREV o D)

B | x Lex —:C—Q €Tr = z Lex _z_2) L = ! ex (—ﬁ) z
z = Vix EEERZ L THED

o JRTIIRTEARSITA(CAE S HERZERDA ;
X ~N(0,t),Y ~N(0,s) = Z=X+Y ~N(0,t+5)

IER D mDBEN

bR

\/1_ exp (_ (2 ;;)2) \/;_ﬂ't exp (_:;_i) dx
\/7 ( ;i; il) z(i t)) dr
_/¢ggﬁj p(5p) N+ ODEE




dX; =dB; (fx) =0,0,=1CWE. X, =0&£93)

M—1
X &~ Z V ALEy (At =t/M) | /. VAt
—0 1 \ /N, 1)
i NN(O, 1) At .
(ERATHOME & D) t
= Xy~ N(0,At + At +---+ At) = N(0,t)
M

'Xt—XSNN(O,t—S)
DAt - 0EUTEEDON [T ESH |
Jo50>&E)%ZB, =K.

XVAtIB LS ERWRT—ILTHD. CNELDIMhEWA -5 —
IRS0ICYER L, KEWA—HF —1RSERKICFHE.



I SOEHDHES (ER) :

1. BO:O

2. FBD0 =ty <t; < < t,[CHWULT,
Bt — Btk—l (k — 1, ,n)
=Ny ki

3. ROt > s> 0([CX U T,
B, — B, ~ N(0,t —5s)

=5I(C, [4. 8Kt - B, [FHERITES] ZMATEDONT STV EHDER.

155(C Bt+At - Bt ~ N(O, At)

%D Brpae — B = VAtE, (& ~ N(0,1))




Bt

Brownian motion

! WW !
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HERMDHLER

Xt—l—At — Xt
(At = t/M) M1
|:> Xt — X() -+

ilng

<

—1

At - f(x)

WA gtgt (At - 0)

(RE—ILA—S —DIA(FHELR)

(f(XkAt)At + OkAt \/thkm&)

= X:=Xo+ (f(Xkat)At + oxat(Ber1yar — Biar))
/

7
I
o

(At - 0; M — o)

dB;

At ERIE BN, RBRIEMD TERVDTED TEE.

dt

; ;
—> Xi=Xo+ | f(Xs)ds —I—/ osdB, | &=L
0 0

d X,

— f(Xt)dt -+ O'tdBt EHEL

(REEiED)



& EAZR

dXt — ’U(Xt)dt -+ O'tdBt

pe: X DHEEREE REEN
BsiE: E[f (X)) = [ f(o)pe(v)de

d o E[f(Xea)] - ELA(X)
EE[f(Xt)] = lm N 212U, €~ N(0,1)TX, & (34857,
_ i B+ w(X) AL+ on/ALE)] — E[f (X))
At—0 At
?1511@55 E[f(5)+ /(X)) (v (Xe) At + oy VALE) + f” (X0)(ve(X0) At + 0,V AtE)?] W +o(A?)
Ao H84548=0 At
4 . Alirilo ]E[f (Xt)(fvt(XX/t,%(f‘F GrVv ggé)] — E[f’(Xt)Ut(Xt)]
< o i E[f"(X0) (ve(Xe) At + oy VALE)?]
A0 At
1/2 A= 52
L = Alir—I}O ,%A/fE {[(At) vt + 2’Utgt(r + Oy (ﬁ‘f)f ] ” Xt)} = E[f”(Xt)]
d




Fokker-Planck AR

SESCO = 5 [n@rwar= [ 2 fae TEDS.

CEIf(X,)] =E [%(Xof’(xt) g "<Xt)]

| [%(—vt(m)pt(ac)) + o

8}9553?) = —0x(ve(x)pe(z)) + %8£pt($)

= = a
SEEOHE: L = —V.(upr) + =TV, V] pl]






Ornstein—-Uhlenbeck i&fE (OU-i&

dXt — —Xtdt -+ \/§dBt, Xo — Xy.
(ve(x) = —x, 0, = V2)

FP-51E5 : 8%5?) = Oy (zpe(2)) + Oppe(2)
2 . 3 1 1 (x— m06_15)2
—> pe(x]|Xo = o) = \/271'(1 — 2t ©Ap <_§ 1 —e 2 )

= N(zoe™", 1 —e™")  (F49: xpe~t, HEL 1 — e %)

(X() xoﬁ%&t (F7x < )
00)i Z =] pt( ) /pt($|X0 :fco)Po(fo)dﬁUo

o HIEAMEX, ZHEEEEHN A —5 —TENTHL,
- IBFEIHAES TIREIERD BN (0, 1) (SEDNTLL.




ZUESEBR

OU Process

1, ulmuilﬁ L™

PN ﬂ i" w

I I I I I I
0.0 2.5 5.0 1.5 10.0 12.5 lS.D l]".5 ED.D
Time (f)

)
I




—iit : ARS >3\ 'BE -

dX, = —X,dt + v2dB,

— AL

BRSO EBHE
(U(x) = x%2/2,1 = 1713 B50U-18%F)

X U(x)Zs/ME T BAERIC/ A XZMAT=BD.

FP-2 8%5”7) — 0, (0,U (2)p: () + A2y ()
EEDTh :

8%558) =0 =) p*(x)oxexp (— U§$)>

CHBLESTREFEL LAY
(U(x) = x2/2, A = 1725 Tp* (x) « exp(—x2/2) = N(0,1)DEEEHER)




EEDHDEL (F:2)

apt (CU)
ot

= 0, (0, U (2)pe(x)) + NO2ps ()

= 0z (02U (2)pe(2) + A0upi())
= 0y [0z (U(z) + Alog(pi(x))) pe(x)] = 0

=T
=z

mm) p(x) xexp (— Ug\x))

p*NSYH > T 0FBIEHICGLD%ZES
= VIV TEEHE>FTH)ILOE

ESENIEREL)



U(x) = x* — x?, A =0.08

OU Process
Q
1.0 - e
0.5 1 ' L
< 0.0 Lo
—0.5 # m Mﬂ 0
: h o
| [Il 1k
SRRt
o 'k
—1.0 4 Q
T T T T T T T T T T
0.0 2.5 5.0 7.5 10.0 12,5 15.0 17.5 20.0

0.35
0.20
0.25
0.20 -
0.15
0.10
0.05
0.00

Time ()



it

e RAM XABEDMHSDH> T T wasrosnrsn

(017, = izt p(éim)ﬂ'(g)

X exp ( — Z&(Q) — R(Q))
i=1
—RE(COTMDORSEM(CIRD. EETTUTEE UL,
l;(0) = —log(p(2:|0)) : BOMBAE (F—HADHETEFED)
R(0) = —log(w(6)) :BEIDMOEDMNE (SHHIFHSENE)

n

U(0) = £:(6) + R(0)

=1l

LY ET IV ormsss)



2

NS> )\UEBANFEIENLSBULDRE— RTEEDMIGADL ?
> DMmED ax] &E?

- KL-divergence (+£%)
KLGllo) = [ 1og (2 ) plo)ds

q(x)
 Fisher-divergence

I(pllg) = / IV log(p(z)) — ¥ log(q(z)) |2p(x)da

X EBSEIEAT, p = qDEDHTRD.

> et - (BRI - HiE 8 T,
> RAUEEE (I —FEMD NS DKL-divaEir i (C&/IME
> KL-divergence(3tHXIT> bOE—&EEEHONS.



D)~ 0, [0 (U(z) + Mos(n(x)) - pu(z)
= 20, [0, (~ log(p" (x) +log(pi(x)) - pe(x)
SKL) = 5 [ 10 (23 ) ez e

)
N / oz (7)Ao 0108 (37 ) i
20 oo (2




HOS 7 > 3ESobolevASEz 24

e OU-BIETINRZRUTHELD.
p*(x) < exp(—x2/2) (BEIERD)

(U(x) =x2%/2, 2 =1)

T (NI 7 2 XEVRL TAEFELN)

p*(x) x exp(—x2/2) 9D (IREEIEFR1N).
EREDMHEREZEREEp (CX U T, ROAREFERNKDIID:

KL(p|lp*) < 51(pllp*)

ct’.D_C, &gKL(pth*) — _I(pth*)
< —2KL(p||p”).

= KL(p||[p*) < exp(—2t)KL(pol|p*)
FRAZIER |




HIST BV IRL TAFADELA -

SEBADGEIMNED ©HD. CITlE, FEF=2RAWCHETRY. —
Lf(x):=—xf(x)+ f"(x) : OU-BIZDOENIERZR
P f(z) == E[f(X:)[Xo = z]
e { 0,P.f = P.Lf (f_z_EWE JZ2 D)
* PPf = Poiof (FREM)
p:(- | Xo = x)DEELD,
(Pef) = e "P(f")
¥5(C, MnAigxHEZE D C,
(Pef) | = e |P(f) < e P(|f]) = (1)
S, Y@) =rlog(n)ICX LT,

A(s) == Ps(p(Pi—sf)) (s €0,1])

£9D.



(GEBAFRS)

TBE, EREREROEBELD, g=P,_ fICHLT,
AN'(s) = Ps(LyY(g) — ¥ (9)Lyg)
= P,(¢"(9)(¢')?)

9'I°
:PS( 7 .. (2)

<, BAIR—201(1) KD,

91> = [(Pe-s )P < e (P (11])°
THBN, D—S—S1DILYORERNSES(CADE

o |f’|2)_ (|f’|2)
(Pu(If) sa_sfpt_s( ) =or. (1

R ENDDOT, NR2)DEBFRDLD(CHIZS5NS:

2
AI(S) S 6—2(t—S)PS (Pt—s ( )) — 6—2(t—S)Pt (
/ (HFEFIE)

2
f




(GEEATRE)

KoC, ml%&s(CELT0,t|DEITIED T DL,

A(t) — A(0) = P (flog(f)) — Puflog(P.f) < 1 _26_ tPt <|f}| )

wi53.
p:(- |Xo = x)DIENS, (BEIRRETEDMEDE &)
tli)l’(l)lo Pif(x) = Exwp[f(X)] (Vz €R)

1XOT, Wt »00&TDE,

1 /|2
By [flog(f)] — Ep« [f]log(Ep[f]) < §Ep* [|ff| ]
%185
BT, [= 0 ZRATI, KLIp) <2(lp) 83,

SIEARHE
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HERBED S JOERMD HAIER(CDWNTIE, BHZ<DEENHDDIN,
cERE, LTFOEFREISE (TS

- IO —)L: EERMHHRER (BASERR). AELR, 2012.
- K HERMDHSERN. 5KEE, 2005.

« Kuo: Introduction to Stochastic Integration. Springer, 2005.

UNREZAT (CRE T DIEiw(X, U TOANERATHB:

« Bakry, Gentil and Ledoux: Analysis and Geometry of Markov
Diffusion Operators. Springer, 2014.

¥5(1C, N7 WEVIRL TAFRIECDOERZESZE(CUTZ. SEAD

T (T T DR (C KD

« Bakry and Emery: Diffusions hypercontractives. Seminaire de
Probabilities, XIX, 1983/1984. Lecture Notes in Mathematics, vol.
1123, pp. 177—206, Springer.



Sharp minima vs flat minima

SGDIE T35y MRRMEER] ([CES5PTL-RUVRIETERE

R
EWVDER . .
Training Function
- /1 +1 | [Testing Function
".."" |:-.- EI | :
\ A |
! i
L]
| |
Lo
f(x)
'|| ]
II '||
.1II......II|I:....
:_d__a-"f : : : |IIII : III| .I .- :
g A . I I'\:"Jl

Flat Minimum
Keskar, Mudigere, Nocedal, Smelyanskiy, Tang (2017):
On large-batch training for deep learning: generalization gap and sharp minima.

b
1
0; = 0,1 — oy > 2:1 Vol(2i,;:0)
J:

Sharp Minimum

« [T3w bl EWDSEER(SEARZRDELD

\ | FFCRDMESBHRMNTRNENSHEH.
~ 45375 (Dinh et al., 2017)

‘PAC-Bayes(C KB4 (Dziugaite, Roy,
— SOALIA—DETSY MRFAEIC o) 7)
EEFTDPT



J A X CKBERIEZIR &

Original function f f convolved with [—0.6, 0.6]
15.0 127 OISy region
12.5 1 10 1
10.0 1 8 -
- . smoothing
5.0 A 44
2.5 - 5 4
0.0 1 . : . ’ : .
_ 0 2 —2 0 2
X X

[Kleinberg, Li, and Yuan, ICML2018]

ERNAEZAND = fFlc/ M XZRETVS5=> BYEHRDOTBEIL
vy =x1-1 — N(VL(Tt-1) + &) (y: = o + nés)
= Yt = Yi—1 — N&—1 — NV L(y—1 — n&i—1)
= Ee,_, [Yt]) = y1—1 —nVE¢,_ [L(yi—1 — n&e—1))]




BEIAF: Graduated optimization °

« Graduated non-convexity

Blake and Zisserman: Visual reconstruction, volume 2. MIT press Cambridge, 1987.

« Gaussian kernel&EDEHIAFF W Y

L. Wu. The effective energy transformation scheme as a special
continuation approach to global optimization with application to
molecular conformation. SIAM Journal on Optimization, 6(3):748-768,

1996. ><

« Graduated optimization :

Hazan, Levy, and Shalev-Shwartz: On graduated optimization for
stochastic non-convex problems. Infernational conference on
machine learning, pp. 1833-1841, 2016.

og-nice DB A . ZIEWRA—4 — CTODILE.

"
Eé‘(x) = Eu~U(B(Rd)) [L(x + 5u)] \\‘/—4 5 =05
Survey: \f/

Mobahi and Fisher lll. On the link between gaussian homotopy
continuation and convex envelopes. Energy Minimization
Methods in Computer Vision and Pattern Recognition, pp. 43-56,
2018.



GLD

c LS > )\CEAFE (ZIRITThR)

Gradient Langevin Dynamics (GLD)

Y2IJU2D . L(z)
p () oc exp (— X )

IRDDIMNSTTUT UL

JEMEREE : wh s> TU >/j‘(¢mxin L)z (CAE C & BHED.

-

\_

AEREINSA—=S
dX; = —VL(X;)dt + V2\dB; (AR > 1)\ 8N
EENM: 1o exp(—A"TL(X))

~

J

[Gelfand and Mitter (1991); Borkar and
Mitter (1999); Welling and Teh (2011)]



L(z) =) () + Mz
1=1
C0(x) = (y; — fao(2:))? B2 (y; € R,z € RY)
<
L Ui(z) = log(1 + exp(—yifu(2i))) 1B (y; € (+1},2 € RY)




Gaussian noise

Gradient descent



GLD®DFokker-Planck A iER

[t X DR OMERZTZBIER

d

Fokker-Planck 5 IEx; Vo VL = 0i[ped; L]

/ pa

Oty = ANy + V- [ VL Marss: 1 (x)

RDELDICHIRTED: :

Vector field:.v,

Ope = V- [(AVIog(pe) + VL) pe] = =V - [v ]

\ J

_p EB<
LEFDHIET]



BiEDHIENDREK

MEIF(CADIAALTL B=
Ut(ﬂf)ﬂt(ﬂf)

BN SHERC VK E

=5 (TADRDE] — TRTWLKE] ) = =V - [e(2)ve()]e



BiEDHIER

rEEOSER] 2 - V- (o)

ot
DR DOER
d
—/f x) e (x)dx = /(Vf(a:))TUt(a:)ut(:c)dx
( - [ 1@9- G dx) (vf: D280 RIR— I, ¢2-4R)

o RO NUBy, TERENBEEET,ETS: SL () = v,(T:(x)).
o U IBRT,:R? > RUCKDuyDFE U U : pup = Trupo-
DED, x~ uplcWIT BT, (x)DDHH ;.

(—H%Dt) /f x)pg(z)dr = — /f (T3 () po(x

Ht
/ V(T (x Tth 0( )dz o
— /Vf Ti(x)) Ut(Tt(-T))UO(iB)dm ‘*9;10:‘__’
o -
:]Vf(iE)Tvt(w)ut(ﬂ?)dﬂf- A

[EHDHIEL]



WassersteiniBgfc DW\WT = =

u, v:EEEEZEfE] (O, ©) £ OMESREIE cesxzpolandzem)

Wp(u,y)z( i /X XXc(x,y)de(a:,y))l/p

mell(p,v)
M, v): BB vTHBDX x X LORFDMDES
BNz EE UEEEEDmOFR Ce/\ME
(X =R%: c(z,y) = ||lz — yl))
o DO YR— TN TLNTEWell-defined

- KEZEMEDIEBENRIREN TS
XKL-divergence(IEEEEN IR IRL Y.

(T FRIR: KantorovichAX3d)
i [ et ypante) —sup{/wdu+/a>dv|w (@) + oly) < e, y>}

mell(p,v)

[EnXiEEE ] SEEDOND




BT ML

EE

* pt = Teupo

+ G W) = v (T, (w))

« DNy, =V, EEITDETS.
D, DIFARDIZID:

i Wo(piys, (id + 0ve) 4ot)
d—0 )

=0

Ambrosio, Gigli, and Savaré. Gradient Flows in Metric Spaces and in the
Space of Probability Measures. Lectures in Mathematics. ETH ZUrich.
BirkhGuser Basel, 2008. Ot A\ P45

A




TP ESCER L

BrenierdDEIE

0o, p1MERZE BRI Z DB, UTH R DIZD:
W3(po,p1) = _inf  Exp[[|X —T(X)|?]

T Ty po=p1
o INfZEMT DELRT*HFET D.
« UG, BAMEBYMNTFIELTT (x) € dY(x) EEITD.
s CODT* ZEEEnEEHREND.

Benamou-Brenier formula (@E#mn s &W, IEEEDRER)

AEMDEE
W3 (po, p1) = fnf / el 7, (pydt

JZIZU, infldpenSp NEHIDHIEN TR . 0y

L TORENRY NS, (CEE U TES. /}/ﬂiv—”
y th1 = Teupo Po /(—’—’.
+ S () = vy (T, (W) /”'/‘




EEDMN

Orpe = V - [(AV1og(pe) + VL) ] = =V - [vgpu]

EEDM: 0.1, = 0 = v, = 0 (DA EENRW)

{ AVig(p*) +VL=0 = u*(z) o exp(—L(z)) }

E(X, CNIILLTFOBMREESZER/IMELI DWassersteinB)Beiit T B:
Ent(p) == [log(p)pdz

p* =argmin [ L(x)du(z) + AEnt(p) =: L(p)

HeP BRI A&
E/ \ (- jt
Las/Mb s G

q BN CORBERIIEESMES UL
p*(x) oc exp(=A"'L(z))



Wasserstein4fdin 2

/\_1[,(”) — /A_lL(:U)du(a:) + El’lt(/J) u*(x) oc exp(—A" " L(x))

= / —log(p”")dp + / log(p)dp + (const.)

BUF, R
/log (u )du KL(pl[p)

EHDITIE up = =V - [vepe] (SRED TVDIRS

%Kumnm jt / 1og(“f( ))ux \da

log ( ()
log ( e
/ (0, V Tog (11

x)dx + Orpis(2)

)
)

— Vlog(pe)) pe(x)da

Mdév




Wasserstein4fdin

SLGulnt) =~ [ (o, Vlog(u®) — ¥ loga) (21

51
vy = — (AVlog(u) + VL) = A (Vlog(p™) — Vlog(ue))  (GLD)

FE2FTFAEIT, UTFHKDIID. Ope = V - [(AV log(pe) + VL) 1]
d 2
EKL (nel|lp™) = =X [ [V 1og(p™) — Viog(ut)||” peda
= =M (pue||p")

EEDHu hS5DKL-diveTR/IMET S WassersteinB L

Fisher divergence:

Hllv) = [ 1V 108() - Vlog() ()



WEYRL RSN ERMANTILI— RE

EBDM p*(x) oc exp(—=A"1L(z))

~ A1 L(x)
EE (WHYIRL TAFNK (v DIEES))

Hda>0WMFEL T, -
ERD (u (X U CHEXT &S/ R v (X U, . RSN RER
1 «  Weak MorseBIE3%8

KL(v|[p") = 5-1(v||")
KL-div Fisher-div._,
KL(v||p) :flog (:) pdz, I(v||p) =/ Vlog; vdx

mp HMPOTILI—FRE L xo0BBHE

d ) i} . o o
Ll ln7) = =AML (pe|p”) < —2aKL(pe[[p7) - (IBRLT D)

KL(pe||p") < exp(—2at)KL(pol|1”)
EEDHA\KL-divergence DRk THRAZINER

[Bakry, Genlfil, and Ledoux: Analysis and Geometry of Markov Diffusion Operators. Springer, 2014. Th. 5.2.1]



WEY IR TAREFRNDTDRAF

RIS S (Bakry-EmeryiR#E): p(x) oc exp(—=A"" L(x))
VWILx) =ul = a>u/)

[Bakry and Emery, 1985]

5 1 OU-BF2. L(x) = %ZTCKOD_C‘, u=1CHDIID.

(IEEMEMFMTE)  [WLx) =ull o [TuTVWILx)u = pllull?]

( Bounded perturbation lemma (Hollley-Stroock): A

p*(x) = p(z)exp (h(x)) EBIFT, phiod-LSIRGZBIET ETS.

=) uDa-LSIEFFU T &=
a > o exp(—4B)

[h(z)| < B (Vx)

[R. Holley and D. Stroock. Logarithmic sobolev inequalities and stochastic Ising models. Journal of statistical physics, 46(5-
6):1159-1194, 1987.]

\_ J
Bl 2 L(x) = €(x) + 1,x*Tl£(x)| < BI25, p*(da = Zlexp(—4B/1) CLSIRMAZIHIZY .
() oc exp(—=A""L(x))




vk: Marginal distribution of X} (discrete time dynamics) (A=1&£LTWD)

dM?n

D(vg|[meo) < exp(—akn)D(vol[moc) + 8

E&ﬂ'li tzﬁfﬁ"ﬁ@%ﬁ:@:ﬁ t (and other technical condition),

E[L(Xy)] — L(X*) Sexp (—exakn) + ce, x.an + Adlog(A™ + 1)
\
el T)L T — R IFREEE L DR ZE Eqp [L(X)] = L(X™)
where ¢, c¢, ;54 > 0 are constants. ERDTNRERSDOE

NEFERLTHDH
[Raginsky, Rakhlin and Telgarsky, 2017; Xu, Chen, Zou, and Gu, 2018; Erdogdu, Mackey and Shamir, 2018]

e REI\SA-—FIt+D/NE TN, BMNEENDIETEREREFADIEL (CF]
ECEB.

o 22U, —MEIC(FMEINL TAZFREA BRI (CIKFIT D EITER.
(ZESTRWNEEEHD : mMBMNEEL, Weak MorseB£)




IFREEtERE + RN EHENDECE ¢

n d AL
fa) =3 Al RS () x exp(—1/(2)
1=1
EERRISDE:  dX, = —V/f(X,)dt + \/2/7dB,
BERNBFEITAL (Euler-Maruyamaififi):

Xpr1 = X =V f(Xk) +V2n/vk
STEICON)HIMD (KRR —F THD)
— HERNABZRAWND V), = %Zielk Vfi(Xk)

> EA)ECSETECKENHID D RN M)A E AL D.
> HERRN DRI DI AR E VN -DEHEVE(SVRG SARAH) LHHAENDESD.

e/ B D) f:
SVRG: 9 = = S™ (VA(Xe) ~ VAE) + V(X))

A=

SARAH: VvV, = é D (Vi(Xp) = VI i(Xe—1) + V1)

1€l

XX, Vi [dmEIC—EEHRISD. (m =+/nTOK)
GLD(E /A XZMA D DOEEIL T DDT, DELHE N AR R,



RN ECEDIRL — b

o'c
BR : HRURL IRER + BSDEDEEDT, BioLiior

KL-divergenceMEIR T DYR A D 8E/ BRI AfcZ HULND ZET
BRI TE D &=L,

BR&| : » Kl-divergencel3"a@UL\JJLL".

> BREEOMEZ VN TARAEFERDOTERCENTES.

D(us|lv) < eXCOEtEEZ
« Vempala&Wibisono (2019): JEfER N B g
wEestagE (O (Edqzlﬂa—z)
€
« Ourresult: RN D AL+5>BAHE/IVE
nEitEE () <<n+ ﬁ) ZLQOJ_Q) : VniBEE

“Weak Morse"RAFICH T DXLV RL TELHREEL o = Ofexp(—))
E(F— B (CHE N TEEIHRE) S A =Ty \IBE (CKTF.
— Weak MorseF TIEZIER A —4 — ([CEIESND.

« 0 <INt <({ERDEBRDHessionDEBEDIEITE)
- KNEMEREFRUNDEBAFETEANDR/NEBEN-1TLLTF

) a31(1+;>

v



KL-divergence

10°

10~

49

RzEEN

—.--l—l—.—l~l-l—I-I—I-I—I-I—I--I—-I—-I—-I--l—l

tk:{:g_
gt =
X W
i

-eo- 5VRG-LD, B=100

SVRG-LD, B=1000
-m- 5VRG-LD, B=10000
—-#= SARAH-LD, B=100
-»- 5GLD, B=100

i
M
oH

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Gradient Computation leb



GLDIC KD NNDE=EIL



“ENNDOFEIL

TSIV

yZ:fo(a:Z) fz (’L:l,,n)

where z; ~ Unif(S?™1), & ~ (mean 0, variance o2, bounded)

FAEPESESRTE with ReLUETE(ERIER:

Teacher Student (overparameterization)

NSNSV s Z NINSS 2z Z
“\ < z‘\’( >, 4" “\ ’4 DQ(‘V ’4 DQ("
"/,r"q SRR _",,xq -l p.ﬁ\\‘v

o : RelLU

« BEIEEFETRAU YA RXET S, (55 <HEFMTIEE)
» EEFREN = ZIANRE CHE CS DN ?




BRSO I1INEANFICLDE=

Bk

.

[ L2-IEAHE3s D $2BRIE S ALK

() = 12( Zap(wﬁ )HZ 1)

=1

\

J

M
1 ReLUT(ZL2-IEAIHbIF R/ \—X1E
2 sl =52 (a3 = ill) 4= gy Erufe) w655,

B

|

() E’EIT—X:GLD

Ok+1) — o) _ TR, (W) + (| 21
67]'?1/’]’1

(PRI T—X: J A XL - IERNLIR UDBESE

ek+1) — gk) _ n(l)vﬁo(@(k))

\_

~




YR DERF

ERIT—X:
BB AR5\ DU
YD >3
NRIT—X: SRR E
EEAF R DD TIIRIRTE \
— EEOLALE CTHREAZUNER

“EPEDUNR T 1 — X ERNICHEAIENTULSD (Hidden progress)



2 )

[Akiyama and Suzuki: Excess Risk of Two-Layer ReLU Neural Networks in Teacher-Student Settings and its
Superiority to Kernel Methods. arXiv:2205.14818]

R |2 M 2 M
> RiA(O) = - Z (yi - Zaj0(<wj»33>)) + /\Z(a? + [y )

1=1

> R(O) =E[(f°(X) - fo(X))’]

> W= (wy, ..., w) DMBEBDFFE(E(L o, T PSR 5NS.

(M, d, omin EED 7T C) B RELHFE K, HMFEL T,

Phase 1 (KIBHIEFEITI T —X): UIESKIFERT D EHIFHELR R HDIBUELL
TETRSED (BE(OELIRD)

R(G(Kl)) < €p

Phase 2 (ERI T —X): KISHSREAR \RRNK

Ry(0%)) — Ry(0*) < ¢; exp(—c,(k — Ky)).




FEEER : “REOFBAINF=IOX ¢

102 4 |
] | — test error
7.E _ \Y _ \Y
ExRIT—X ! INRTT—X training error
phase I i phasell

(noisy gradient descent) | (vanilla gradient descent)
|

10! 3 _ I ﬁ
] |
|
|
Um‘: |
© |
10° 5 :
: |
|
g !
|
— |
10 1 E |
] |
|
|

0 500 1000 1500 2000 2500 3000

iterations



FRIERZEDLEE

s FIR—ZD77I)LTYXALATEREL L TE S NIz

0_—4

. - m®log(n)
Ifor — follT2(py) S

(4

 BRIAAETE ED FHRIERZED FIR:

_ d+2
Rlin Z n 2d+2

For d = 2: n—2/3

For large d: n—1/2 TRICHETE = (IR TTOMRNWNER T D

> FHEEFEI DL THE



Related work

Non-overparameterized setting:

 [Li & Yuan, 2017] showed global convergence under M = m
and a special network structure (ResNet like structure).

- [Zhong et al., 2017] showed local convergence under M = m,

l.e., they showed convergence when the initial solution is
close to the true parameter.

Overparameterized setting:
 [Li, Ma & Zhang, 2020] showed global convergence of GD for
an overparameterized setting M > m.

(@) = _I{w;, )] L(f) = £(f°) = O(d~ )

True network where Q is a small constant.

» Tensor decomposition technique is used.
» The frue network has a special structure.
» The convergence is not exactly shown (it converges as d - ).

« [Chizat, 2019]: Convergence to sparse solution with sparse reg.
» BLASSO [De Castro & Gamboa, 2012]

2-homogeneous activation + NDSC condition

- ¥

RelU Guarantee — [Akiyama&Suzuki, 2021]






2[ENNODGLDI(C KB aiE{E

1 M
fe(z) = M Z he, (2) f5l: hg(z) = ro(w' z) for 6 = (r, w)
j=1

b, = —Ve, L(fo,)dt + 1/2/BdB,

—a1—0O>hYSRILSD D EEBOGLDDIEGHE A TE/R0).
LML, 55> 21 /) 8hFEORBHICKDIEFRIIN TED.

(E(C = 1 — O SIIRADEIRE E X 3 SRR 3 3)
ZHFE (F13i5)

il (Hu, Ren, Siska, and Szpruch, 2021; Mei, Montanari, and Nguye, 2018)

\
M — oo, t — coDIBIRTHIF0, DM, (FLAT D730 (CUER:
_ 1
foo = argmin L(f,) + EEH’E(/J) e
N ner (Ent(s) = [ log(u)du)

EE  Dopulc U TIEMBEER ! (if #HKD M)




Objective of mean field NN 0

Mean field NN Model:
fu(z) = /hx(Z)du(a?) where h,(z) =ro(w'z) for = (r,w)

Loss function (empirical risk + regularization):

F(n) = = 3" () + ME [l

L(p) == F(p) + A2Ent ()

convex + sfrongly convesx strongly convex

Vanilla GLD tNonIinear extension!

L) = ] L(z)du(z) + A2Ent(4)

Linear




Mean field Langevin dynamics:

L(p) = F(p) + A2Ent(u)

convex
» Wasserstein gradient flow to minimize L:

Doty =V - [ (VEELD 4 X,V log (i) )

» SDE the Fokker-Planck equation of which corresponds to this Wasserstein Gl
OF
dX; = —VEED (X)dt + /2)d B,
Ut — L&W(Xt)

Definition (first variation)

The first variation g—Z:SD x R% - R is defined as a continuous functional such as

Flev + (1 —e)p) — Fp) _ / 5F (1)

Q: Discretization error?

lim
e—0 €

5 (@)d(v — p)(z)




L(p) = F(p) + A2Ent ()
dX, = —VELL(Xy)dt + \/20.d B,

Vanilla GLD:

= [ L(x

hneod

= () = ()

O

= dX, = —~VL(X,)dt + /2 2d B,




JEfRA2Fokker-Planck 5 1ERt,

« MF-LD obeys the following nonlinear Fokker-
Planck equation: N

Opbe = MalDgpiy +V - [Mtv%ﬁt)]
=V [(\)\QVIOg(ﬂt) + V%ﬁm Mt})

— —V - [vg ] _\_/_v Vector field: b(x, u,
[Continuity equation] o t
Then
d 5£(/-Lt) o E(u) = F([L) -+ )\QEﬂt(u)
— — Z=ARt) (continuity
dtﬁ(‘ut) / <vt’ v op > Apie equation) GLD :

o F(p) = | L(z)dp
B /<Ut7 V(s#:ft) + A2V log(pr))dpue = S5 () = L()

(Definition of p,, )

= — / Hvt”leJ’t — _)\gj(u’thHt) pu(z) ox exp <_%26F—(M)(‘T))

Op

This is the Wasserstein gradient flow to minimize L.

X Since 5%50 nonlinearly depends on u,, we say “nonlinear Fokker-Planck”.

GLD: F(p) = [ L(z)dp = T () = L()



MF-LD to optimize mean field NN “

fu(z) = /hx(z)dﬂ(ﬂf) Loss function:
he(2) =ro(w'2) for z = (r,w) F(p) = %Zfz'(fu) + ME,[r(X)]

dX; = —VXt ( Zﬁl(fﬂt hXt (Z,L) -+ )\17" X ) dt + v/ 2Aod By

--------------- e o fescape from local min,
( ) v 5F5(5t) (Xf)\ / [Noise perturbation]
Law Xt
L(p) = F(p) + A2Ent(p)
 Finite particle approximation: Neuron H  ooton et v

hy(4)

y sr(F0104) | / \
dXi— _ v . (X))t + /2X2d B!
M / ._Q;_:t;._ |

Equivalent to GLD for optimizing

a finite width neural network x VoLl (o)
(vector field)




Other applications

Mean field Langevin dynamics can be applied to several
problems where a distribution is optimized.

« Nonparametric density estimation via MMD minimization

F(p) = MMD?(g * u, i) + ME,[[|z]%]
k: positive definite kernel
MMD?(v1, v2) = [y, — kaH%Lk
where k, = [ k(x,)u(dx) (kernel embedding).

o= ()

(2mo2)d 202

1 ™
> fln = - Zéxi : Empirical distribution (training data)
=1 (see also Chizat (2022, TMLR))

» Variational inference to approximate Bayesian posterior
F(p) = KSD () + ME,[[|2]°]

(KSD: Kernel Stein Discrepancy from a posterior distribution)




Convergence of MF-LD

Proximal Gibbs measure:

1 0F(p) _ : OF ()
_ = aremin(v — i) —= + Mo Ent(v
pulo) exp (— @) pu = argminG — ) 25+ AaBni()

[Nitanda, Wu, Suzuki (AISTATS2022)][Chizat (2022)]

Them (Entropy sandwich)

Suppose that p, satisties log-Sobolev inequality with constant a,
then
L(pe) — L(p") < exp(=2(A2/a)t)(L(po) — L(1")),

)\QKL([LHu*) < E(LL) — ﬁ(u*) < )\QKL(NHpu)' p* = argmin L(p)

nePpP |

dp

VlOg d

Log-Sobolev: D(p||v) < 5=1(u|lv) for all v. D(u|1f)—f10g( )d»u I(ul[v) /’

Y (11
(o — /1,)( ,(‘M) + Ao Ent(p)

F(p) + AEnt(p)

LS| is satisfied by
Holley--Stroock if

the loss and its

____________________ gradient are
| bounded.
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U McKean-Viasovi@iz &

« MFEIMHBVER DD DM HiEINIEMcKean-ViIasovi@iz &
UL CRIBNTLYS. (McKean, Kac,..., 6084X)

- BENEE - BIRAF CDYNRZ <9 BR(C(dPropagation of chaos
DFHEAEE LUV, urrmeycecenenhsrh SRR E5HE)

Propagation of chaos

) ) )
O © —
O h/ s
— — DORIFDUVI\
“tki/// IR AL MBI F
ICIEHE L IR =
T~ — NB LMD S .
O
O
— —




ARDHRN s

(" A 4 N . )
TS NN DAY 5 1 - TR : (=B —TOFE) |
EibShE - MPRAIF « PDAJZ [Nitanda, Wu, Suzuki: NeurlP$S2021]
ES\:TSCT]Q\?SGQIO\;VQU),]SUZUKI « P-SDCAJZ [Oko, Suzuki, Wu, Nitanda:

ICLR2022]
g [Chizat (2022)] y IR /R5THLER [Nishikawa, Suzuki, Nitanda:
NeurlPS2022]

\- 74
Z UL\ : Propagation of chaos
(McKean, Kac,..., 60FER LKD)

(o )
e fEIB#AE - EHTIFRT:
Uniform-in-time propagation of chaos - ~

% Varax H =1 E =] [er . > .
- SuperxiZiSobolevAZEF T l :‘EE ,ﬂ@%ﬁgﬁﬂﬁ&m

[Suzuki, Nitanda, Wu (ICLR2023)]

= Suzuki, Wu, Nitanda
- Leave-one-outBL 5 (arXiv:2306.07221)
[Chen, Ren, Wang (arXiv2022)] P & J

g




B BT ]

BIREMRDFE

Vi eSS RS 95
(Particle Dual Averaging; PDA)
[Nitanda, Wu, Suzuki: NeurlPS2021]
epron B ity Ezd [ho(z:) yl) B [0 + AE, log(g)]
q|CRET BB TR (AfERLD)
ﬁﬂxl Foqg[d® (0)] HRREEML 5O (FEAN(CHE)
g Y DRE(CHFIYLEDIL—ILERND
[ q:pro?é%nsity EBNq[g(t)(e)] +)\2Eq[10g(Q)] ]
L & 0) x exp(—30(0)/ 1)
— COTFMMBSEUTORERS > 21/ #HE
ZRAWTCH> > JaEE:
dO; = =V(§"(0)/9)dt + V2dé;.
SRl M%k=9hq—nvfﬂ /AT+VPEKJ
STEEfFT
1. ML= £(4") - L(q%) < O(1/t)
2. RAIL—27": 7, = O (P exp(8/X2)/(MA2)) (GLDICKB)
=255 0(e>HDARTPYVIFT— T+,
> HIOZEAA—H—BELFE

BENMEESND.

ML FHESREY BT REAR 570K

(Parficle Stochastic Dual Coordinate Ascent; P-SDCA)
[Oko, Suzuki, Wu, Nitanda: ICLR2022]

FRRE
min P(p Z(} ([ )+)\1 [nyu2 )d9+)\2[ (8) log(p(#))do
1 by Fencheldﬂﬂil‘mf@

Rt el 28 £i(9) = sup{ug — ti(u)}

n

(9) = %Zéf(gi) + Az log (/q[g](e)de)

=1

7‘:71—“L/q[g](6):=exp{ (Zh 91+A1!9H)}

o BHUELRDOBIRZES > LTERL,
TDRER(CE U TRk,
—HESREY O BEAR | F0K

— min D
geER™

sTHE/FT
BFv YT epZiEMT DDICRERIMUIL—TE :

1 nC
tend = 2 (n + —) log (—)
A2y €p

> 1EEA—4 —TOURRZIER
> B TIHB A Zn\DKFZ ]




dt
MABIDRIFD qt+1
Y TUSOTIE | e
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*ﬁ??ﬂ?ﬂqziﬁl{bif (Particle Dual Averaging; PDA) &

[Nitanda, Wu, Suzuki: NeurlPS2021]

min —Z (B lho(wi)), s ) + ME[10]?] + AaEq[log(q)]

g:prob.density

J
ﬁﬂ;uu ngq[g(t)(e)] (g R
Approximation q|CBE I DRRAZNEEZLCHEL (EcZFALD)

PO EYI{EIE (Nesterov, 2005; 2009; Xiao, 2009)

gD (0) < ' (Egr wyrr [hor (x,)], yi, ) ho(2i,) + A |0]]3
_ ! S

gt (t—|—2)2(t—|—1) D e=1 sg(*)

E @ [ho(z Zhe( )

[ min ngq[g(t)(Q)] + )\ZEQ [10g(Q)] J

g:prob.density

L> iR ¢ (0) < exp(—gP (0)/)s) BEHAEHESND
S CODIHSEUTOAERS > 2/ \C8hFEERNTH> T > /a4
df; = =V (3 (0)/A2)dt + V2d&,.

O = 0p_1 — Vg /)\2+\/7£k1
"JEE?//JJ\/EMJ%

mA L



Algorithm description

q(ly"/—'“"\\ In each iteration, the potential for
@ & e updating each particle is given by g®.

—_—— -

S — -

SN _—— -

Algorithm 1 Particle Dual Averaging (PDA)

Randomly draw i.i.d. initial parameters 5" ~ ¢M(0)do (r € {1,2,...,M})
O {6V},

fort=1to T do 1 M
Randomly draw a data index i; from {1,2,... n} he(z) := M Zl he, ()
9 < :llheuw (i), yi) (s ic) + Ml - | o -

—(t 2 S =
g( ) < —(t—|—2)(t—|—1) ZSZI Sg( ) @EEDTE

Obtain ¢+ by running the Langevin algorithm to approximate the fol-
lowing density function:

A4 oxp (53 P
QU+  (AHNM | where 6D ~ gV s 1y
end for

Randomly pick up t from {2,3,...,T + 1} following the probability P[t] =

2t -
m and return h@(t)




2

EH (informal

1. 5ME)L—2" (TAMAL—T DEIER, M:AIFER)
L(§) — L(¢*) <O(1/T) +0(1/VM)
2. REL—2:
t-EIBOHNERIL—T(CHWNT, ATDERIFIZIFTCGLDORNER) L — T = EF:

T, = 0 (57) = O ( exp(3/2) /(A o) =0 (rongrm)

2EDEM:
- 0(€73) EDOGLDEFH Ce-RBAENESND.
-y WD —2DDENE (MIFEX) (M = e ?poly(n,d) TT3.

KIEEE (CRERRESTE - BRAIFEICEZIAAREZZERk UIZHH TDITIE.
XH%Fa'ﬂhﬁﬁﬁ% b, BIRRAIELDRECSATTRENT (B IRAFT).

—— mean field (PDA) i M /87
10015, s mean field (SGD) 2 ((( m /7
\ --- NTK (SGD) S\ S0 g :
o 5 1 = i = -
£6x1070\ N i
" __. 0 gf:
84x10! '-.‘1 \\\
3x10°1 - -1 s . D
\ ( . p t I
2x10°1 =3 &\ Iass
\\‘\h PDAt ates b uasetes ]
0 100 200 300 400 500 0 500 1000 1500 2000 0 1000 2000 3000 4000 5000
iterations iterations =2 -1 0 1 2 iterations

(a) training error (PDA). (b) test error comparison. (a) trajectory of PDA. (b) test accuracy.




Kernel alignment

1.0
- 0s
: N RDRELK /A o
: Bﬁ@%(/' =
O 7 W WY\ FE £06
< ]
!ﬁmmm 0.4
F—=)Lalignment: 0.2
Kw.yy"
A(kw') = < W, ¥y >F 0.0

VEw, Kw)ryy T, yy T r

—EBE T SN HENBENMS
S(y)EENZIFHEELTWVNDH?
— BV EREHENEDORBEE DK

P-SDCATE&H

— BB EEE

Outer loop steps / Steps

—BEHFEI DL TEDREEIC
LDEE UFFHENFE TETLD.

%< ZALTULB.
EEEDDf ;. 26

E‘ 15.04

0 20 40 60 80
Outer loop steps

(a) P-SDCA (mean field regime)

50 100 150 200 250 300

(b) SGD (NTK regime)

250

— SV1
— SV2
— 5V3
— SV4

others

—— SGD (NTK)
—— SGD (MF)
—— PSDCA




BRI TOUNRNE

[Oko, Suzuki, Nitanda, and Wu: Particle Stochastic Dual Coordinate Ascent:
Exponential convergent algorithm for mean field neural network optimization. The
Tenth International Conference on Learning Representations (ICLR2022)]



Modification to SDCA

[Oko, Suzuki, Nitanda, and Wu: Particle Stochastic Dual Coordinate Ascent: Exponential convergent
algorithm for mean field neural network optimization. The Tenth International Conference on Learning
Representations (ICLR2022)]

min —_Z( o 1)), u: ) + MEq[[6]°] + AoEq flog(a)]

g:prob.density
v

aJII%ﬁTELEE : BIRH

AGilE=6:%
>IMAL— T DEtEE %2 BIRFOEEZEH L TR
= fz0).

»SDCA (Stochastic Dual Coordinate Ascent) %
WD Z & TRRIZUNR ZZ R

(n + ;) log(1/€). > PDA: 1/¢




AT FER B BT AR _EF & .

(Particle Stochastic Dual Coordinate Ascent; P-SDCA)
FEiRE

min P(p Ze (/ d9) +>\1/||9|| Dl )d@—l—)\g/p(@) log(p(6))do

; A _ . * *(_A* i
| I 2&12161 f(Ax) 4+ g(x) 51613)11* f(9)+ 97 ( g) (Fenchel DR )

A: X — Y (bounded linear)

BT sl 28
— min D(g Zg* (9i) + A2 log (/Q[g](g)dg) 0;(g) = sup{ug — €i(u)}

geR™ u€eR

n

Y <r q[g](0) := exp {_%2 (% Z hi(0)g; + /\1’9H2) }

=1

plal6) = 78

N~

W T DEAER S A LSRR PIRRY S CZaE

ZORME(CEE U THEEL. exp(—(n + k)™'t)
I ERAE | E S PDABN /12D T AIESE

\l

A




One coordinate update E=~

gi€R

min D(g) = % _anfz‘ (9:) + Az log ( f q[g](e)de)

We update just one coordinate g; per iteration.

(ideol update) proximal gradient descent (29 term is linearized)

~<

_ . _ 1 _
gf“ 1= arg min {&- (i) —/p(t)((?)h (6)do(g; — ())+n—(gz- g\"? }

gi€R
_ _ : : requires integration
gt =g\ (j #4) ( sration
PY(0) = plgV](0) - ™
p'(0) o exp{ ( Zh )9 + M IIQIQ)}
(particle approximation) — We can sample particles via GLD.
~ () _

(0) _ 1/M 5g(t—|—1) ,(t+1) ggt)

1
(A = 0 exp (“hz’(tﬁ’m)égﬁﬁl))
n

< _(t+41) We “refresh” particles

t+1) _ I'm 7 '
(1) — S m € [M]) each i iteration.
m=1"mMm




Algorithm description E=E°

Algorithm 2 Dual Coordinate Descent with the particle method

Require: training data {(x;, ;) }"_, and numbers of inner-loop iterations 72 and outer-loop iterations
Tenda

I: Choose g\” s.t. |6 (¢!") < 1(i=1,....n)and £*(g\”) < £%(0)
2: g9 « 0,
3:forT'=0.1,....Tenqg — 1 do

4:  Randomly (approximately) draw i.i.d. parameters 8,,, (m = 1,..., M) from p"")(6)d#
: n n nl’ ~ ° .
that satisfies TV (p™0)||pg ™)) < ™. At every i iteration,

550 ) e by (m=1,.., MOT) we refresh particles.
6: fort=nlnT+1,....nT+n—1do
7 Randomly choose i; from {1,2,...,n}
M(ﬁT) (t)
(t+1) ) D=1 T hi, (0) (1) 1 ()2

8: — argmax § —0; (g:,) + — -9, ——(9:, — 9, :

9i. e { (i) SO (9i = 6,7) = 557090 = 9)
or i e exp (—Azhi (B0l = 0)) (m -
10:  end for : : Dual coordinate
11> end for Particle weight

12: return Option (A): géﬁt) = ¢("Tena); Option {B): gglit) = g(t;nd) for ¢/, that is randomly chosen

from {nTeng —n+1,...,0Tna}-




Discretization error

(A1) ¢; is y-smooth.
(A2) |h;(6)| <1 for all 6.
(A3) Other technical conditions.

* — 1
g, := arg min {fi (9:) = D rihil0n) (9 = 97) + 55— (9i = 91")’ }
m=1

g; €R

(Ideal update)
It holds that e
1
9" =31 S/ 77 log(n/d)
uniformly overi € [n],t € [n] with probabillity 1 —

If t > n, the error can exponentially diverge.
= We re-sample (6,,)M_, by GLD at each t = 7 updates.
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llflﬁl/— b~

(A1) ¢; (E1/y-FE. liﬂ (/p(e)h,;(e)) +)\1/|9||2p(9)d9+)\2fp(9) log(p(0))d6
(A2) |h;(0)] <1 METDOTHIL. D(g) = ~ Ze )+ Az log Uq[g](e)de)
(A3) ZDMMT0 ZH)LiREF.

T (INEL— )
2o EREL, MFENUTEBLTETS:

M* 1 KOIEHE(C(E
(exp(i/Aan)+1)

EPAQ M* > epl)\z oxp{C [/\;—'n R vy ]}

SR

9dE
1 nC
tend—Q(n—l——) log( )

A2y €p

EIDEFH TR+ v TepZIEMRT B:
E[p(p(tend)) _ D(g(tend))] <ep

(Duality gap)

" Total complexity: 5 URENREEERNS, RO
e MILLTFDLDICIRD (nfEZW):
M* (1 + 7 ) ( lend = O(WIOg(l/EP))
to generate M* particles.

\_




Regularized training loss

Experiments

X — train 1
wn 1074 10~
0 — test
o a
o train fit o
c .
= test fit '
£ 10724 102 §
E L
5 @
i 9
U 1073 L1073 3§
x
L
0 200 400 600
iterations
—— SGD (n=1075) § —— SGD (n=10"%) Q
---- SGD (n=10"% =6 x 107! ---- SGD (n=10"% =6 x 101
—— PDA k= —— PDA =
—— P-SDCA £ —— P-SDCA £
€ax107! £ax107?
g e
83x107! 23x107?
______ seme o o
i i = . . 5 _1
22x 10" e 22x10
o £32 e
0.0 05 1.0 15 0.0 05 10 15
Gradient evalueations le6 Gradient evalueations le6

(a) A2 = 0.01

(b) A2 = 0.001
A, = 1072: fixed

—— SGD(n=107%)
-==- SGD (n=107%)
—— PDA

—— P-SDCA

1.0 15

Gradient evalueations le6

() A2 = 0.0001



PR RT5I\S A —F N \DILK

[Nishikawa, Suzuki, Nitanda, Wu: Two-layer neural network on infinite-dimensional
data: global optimization guarantee in the mean-field regime. NeurlPS2022]



PR IR 7o\ L

&=21—-0> hg(z) =ro(w'x)
1 SRR L AL N EA S £ T B

ho(z) = ro((w, z))
HEINRE/(SA—IDRTEERICIED

R “
s —smn L
« 5T AT &3_57 Qﬁﬂﬁ (US IR IFHEZERZHD)

. I ¢
I SRS B CAE R RS TLD
vo: H EOHDRKAE. Mg dBEXREIANIL MERZHyETD.
(50, DERHDBIANRL —F -3, i.e., Hy: = 2V/23()
HA DIREFIE
ML PR {EGIE (PDA), RIFXXTEERRE % (PSDCA)
_I_
mRRTT LIRS > > 1/ \#NFE

[Nishikawa, Suzuki, Nitanda, Wu: Two-layer neural network on infinite-dimensional data:
global optimization guarantee in the mean-field regime. NeurlPS2022]
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o PR IRTThRPDA

fEREFRICHLTD Z1—TILRY ND—2
0 REBIL—TDRFYTHAZ  K: PIEBIL— T DEHEE

1 = T e S,exp(—\/\‘nK'H/n”Q"‘

KL(7*||v) 1

_|_ S—
T VM
T: SNEB)L— T DEEFA[EER M: RIFE (a2 —-SLxy hD—o0HHEiE)
A: WEBRAEDANRD MILFv v T

> R TTZEM TIEAEOMINEG N R (CRAN DD T O E NI IHELN D DIZ.
> PR D A& L TINR Z {REE

« RN ThRP-SDCA (n: sample size)
(Duality gap) SJeXp(—A’!?K) + nl/Q—m

1\ !
— — T
(n—l— )\)

+ exp




ZUESEBR

BB : 1”1 —0O> 0K
e [EBSUER @ EJLANL RZERBIRTO U W 2 0))F
sress), Nadaraya-WatsoniEE= Grsmm)

10° Ridge: A=0.1
' Ridge: A=1
Ridge: A=10
Nadaraya-Watson: h=0.8
Nadaraya-Watson: h=0.9 _
—-—Nadaraya-Watson: h=1.0
—— PDA

—— P-SDCA

Test loss

Gradient evaluations 1le5



ARDHRN

\_

(" A (. N . )
TS NN DAY 5 SRS - ZERSRERME : [—EL—T DL
EibShE - MPRAIF » « PDAJZ [Nitanda, Wu, Suzuki: NeurlP$S2021]
ES\:TSCT]Q\?SGQIO\;VQU),]SUZUKI « P-SDCAJZ [Oko, Suzuki, Wu, Nitanda:

ICLR2022]
g [Chizat (2022)] y IR /R5THLER [Nishikawa, Suzuki, Nitanda:
NeurlPS2022]

# UL\ : Propagation of chaos
(McKean, Kac,..., 60F LKD)

2 rEIBtEb - EfEhE:

Uniform-in-time propagation of chaos

- Superxi#iSobolevAET

[Suzuki, Nitanda, Wu (ICLR2023)]

- Leave-one-outBY ST
[Chen, Ren, Wang (arXiv2022)]

a )

(

.

G J

BfE - 2ZfEIEERYE - EESRAAAC :
[—EIL—T DFiE]

Suzuki, Wu, Nitanda
(arXiv:2306.07221)

\

~

[Suzuki, Wu, Nitanda: Convergence of mean-field Langevin
dynamics: Time and space discretization, stochastic
gradient, and variance reduction. arXiv:2306.07221, 2023]



—EI)I—T DHE

dX, = —v”(“f’ Ddt + 1/202d B,

(B5FER#RE)

X = X0~ Ve

U Blof = VIR () 2D i = 3 Xty Oy

O

(M==AY A L) (ZERtRUL)

- BERIBEERE: X, - XV
- ZEMEIREE L NALF T (a,) [ch‘:i—siﬁbb\]
. TERM AL AfstE A RS (V5L @ = Bl )




=
o
O

training error

10°

Numerical experiment

M=16

— M=2048 \
= === " (PDA) =====
101 102 103

number of steps

Training error with r(x) = [|x]||*

2 x 1072
S
o 1072
N
9

M=16
6x107°) — M=2048 N
m === " (PDA) ~—— .
4 %103 | . |
100 10° 102 103

number of steps

Test error with r(x) = [|x]|?



Decomposition of objective

Continuous Discrete
dX; = V‘SF(’“) DAt +/2XdBy | X7 = —véF(N Z;# 05 )(Xg')dH V2o dB:
N
He He =N D j=1 55(;;"
U(p) : smooth objective  (e.g., U(w) = E[(f, — fﬂ*)z])
~
(Decomposiﬁon of objective:
N * N *
U(py ) —UWRT) =U(py ) —U(pe) +U(e) —U(R7)
AN J AN J
Y Y
(1) Discretization error  (2) Geometric ergodicity
g (propagation of chaos) )

7

« Naive evaluation gives exponential growth as ¢:
exp(t) N—l [Mei et al. (2018, Theorem 3)]

Otherwise, weak interaction/strong regularization has been required.




Uniform log-Sobolev inequality ~

Xy = (x,ff))l_v=1 ~ uM): Joint distribution
of N particles.

Potential of the joint distribution P‘;c ) on RN ;
LN () = NE oo [Fljrar)] + AoEnt(uy).
where fiz = & Yit 1 0xe (2 = (XD)N,)
> The finite particle dynamics is the Wasserstein gradient flow that miningzes

(Approximate) Uniform log-Sobolev inequality [Chen et al. 2022]
For qny N,

)\2 1 N) C)\
L) - £0) < 32 (01 ) + 53
20 N(F|sher divergence) N)\2a

where p™) (27) o« exp(—5-F(fiz))

. [Chen, Ren, Wang. Uniform-in-time propagation of chaos for
Recdall E(M) - F(M) + )\QEnt(H) mean field langevin dynamics. arXiv:2212.03050, 2022.]
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1 6F
pu(x) o< exp (_)\_2 52“)

T8 (1 X5 ITEFDOREA; Suzuki, Wu, Nitanda (2023))

pu|IXTERSObOleVAFNZERa Tz I &9 B.
BREABMDOME S FBEDIREDE &,

LN (figr1) — L(p")
< exp(-Aama) (L™ () = L))

(m)) . proximal Gibbs measure

+C ('flk + )\2’% + T]]V + "7k; 2 A3 Ukak) o2 = maxE [|of — Efv}]?]
% ~— ,
H#FHﬂ Ef'sﬂ ﬁﬁgﬂg 52 = max E ‘ V'Ufj(j?f) \vavll 5F((S'u‘z ) (X" ) ]
sEt  EEE SR | © e

BIFHATR C (IR FEREEFE (S U CHEZABAEM (kT
[Mei et al., 2018; Javanmard et al., 2019; De Bortoli et al., 2020]

ASSUI’ﬂpTiOﬂIE 1. F:P - Risconvexand has a form of F(u) = L(w) + A4, E, [Ilx]I?].
| < CW,(wv) + lIx — II) and

. 2. (smoothness) ” v 0 -2 y)

_____________________________________________________________________________________________________________________________________________



Log Sobolev for Lipschitz cont. obj”

Proximal Gibbs measure:

1 OF
pu(®) o exp (— " 52”)

Assumption:  F(p) = L(p) + MEy[]]
[ u satisfies the LS if there exits a > 0 such that for any ¢ s.t. u(¢?) = 1, it holds that ]

(33)) p, = arg Igin(r/ — p)aF(S—L“) + Ao Ent(v)
ve

(¢ log(4?)) < % [IVo]*dp
1. Holley—Strook argument: [Bakry & Emery, 1985; Holley & Stroock, 1987]

H(SL(M)H <R — azi_;exp(_ﬁ)

A2

2. Lipschitz perturbation argument + Miclo’s trick:
[Cattiaux & Guillin, 2022; Bardet et al., 2018]

sup,, V‘SLW H <R (Lipschitz continuous)

= a> iex AR V2d/m |V
g PAT A A

—1
2
{%H“Rl“( w52 [2+d+dlog()‘2)+4ﬁj}




RN EDTES

SGD-MFLD:
F(p) = 5 225 fi(p)  (ERAD),

vi =% Y g, LEN(X]) ()
(Mini-batch size = B)

) 1 1 (n—B)vnA
(NY (7 — £(*) < Xonk — (P + A —
LV () — L") S exp(—Aanka) + Mo (?7 +A2m N * B(n—1) )
B RS Ze ] RN
BEENE  EREML i

EFEERD/ T >
By setting n=0 (ea A (Agear)? EB (n)21))\ A ’—Agea)
the iteration complexity becomes

2
1 1 Xo(n — B)? /| 1 1 1
_ _— |
k=0 (ea * ()\2605) B?(n —1)? + Aoe | Mo og(e )
to achieve € + 0(1/(A,aN)) accuracy.
> B =nA4/1/(A,ae) is the optimal mini-batch size. — k = 0(log(e 1) /e).




7> alifE/Na Bdik

SVRG-MFLD:
F(p)= >0 fi(p) (ERM),

— 5 > v ) - 5 L ) 928 0y (3 e

Bir o B o (X (ZmiEl (- —[EIE5H)
LN (fir) — L(p")
S exp(—Azanka) HRAZGLDDBEIF R4

1 1 n—DB (12 [Kinoshita, Suzuki:
"o (" ot oy mn AQ)) NeurlPS$2022] DIFR

N\ DILER /R E

EFOIEN N = e \ \/ AgQue,
1

1 1 1 N
log(l/e) =0 [ — + log(e™ ') 12/ZUB = ym =n'/3
Agae1) e\ dsae ) N

—— - = = = o -
- — - -
- —

L —

N[ =1 Bk+n—k Snl/Sk(i—l— /)\1 ) 1 log(e_l). \/ﬁin Kinoshita&Suzuki
m 2 (YE

(2022)




%JI.- |:|'|' H"J 'I‘Eg

.« f;: ‘“7\74’ w IR
* h,(x) = R - [tanh({xy, 2) + x3) + x3]/2

o k-RX)\—X)\UF 1 [EizE ’u

» X ~ Unif({—1 1}d) (up to freedom of ro’ro’non) -
> Y = Xl-le- . for l] [d] with l] + ll

Q: COHEIRENE CTH—RIiE%Z L[blS ?
A: Yes.

[Suzuki, Wu, Oko, Nitanda: Feature learning via mean-field Langevin
dynamics: classifying sparse parities and beyond. 2023]

Authors regime/method width class error number of iterations
Ji and Telgarsky (2019) NTK/SGD d® d®/n d* /e
Telgarsky (2023) NTK/SGD d? d”/n d* /e
Barak et al. (2022)*  Two phase SGD  O(1) dRTV2 ) I~ d/e?
Telgarsky (2023) mean-field/GF d? d/n N 0
Wei et al. (2019) mean-field/ WF 00 d/n / 00
Ours* mean-field MELD  ¢2@  exp(—O(v/n/d)) 4 O

Ours* mean-field/MFLD ~ ¢©(4) d/n ¥ cO(d)



%JI.- |:|'|' H"J 'I‘Eg

.« f;: ‘“7\74’ WAGEI=ES

* hy(x) = R - [tanh({xq, 2) + x;) + x3]/2
o k-X)\—=XR)\J>F 1 78 ’_“_ _________ ®
» X ~ Unif({—1 1}d) (up to freedom of ro’rc’non) i
> Y =X; X ..X; fori; € [d] withi; # i;. o , |
Q: COMBERETH—RILiEE LES ? o
A: Yes.
. . . ‘_’ __________ _‘/

[Suzuki, Wu, Oko, Nitanda: Feature learning via mean-field Langevin

dynamics: classifying sparse parities and beyond. 2023]
Authors regime/method width class ¢f FHEFE (C KD TRITAD
Ji and Telgarsky (2019) NTK/SGD d® 1 IEFENESTN TS,
Telgarsky (2023) NTK/SGD d* d*/n d”/e
Barak et al. (2022)*  Two phase SGD  O(1) dRTV2 ) I~ d/e?
Telgarsky (2023) mean-field/GF d? d/n N 0
Wei et al. (2019) mean-field/ WF 00 d/n / 00
Ours* mean-field MELD  ¢2@  exp(—O(v/n/d)) 4 O
Ours* mean-field MFLD ~ ¢©(¢) d/n ¥ eOld)
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DALL-E/DALL-E 2

NE(CLDRANSEBTZEMR T DETIL

[ An astronaut riding @

horse in a photorealistic
style |

DALL E: [Aditya Ramesh, Mikhail Pavlov, Gabriel Goh, Scott Gray, Chelsea Voss, Alec Radford, Mark
Chen, llya Sutskever: Zero-Shot Text-to-Image Generation. ICML2021.]

DALL ‘E2:[Aditya Ramesh, Prafulla Dhariwal, Alex Nichol, Casey Chu, Mark Chen: Hierarchical Text-
Conditional Image Generation with CLIP Latents. arXiv:2204.06125]



[Teddy bears shopping for

groceries in the style of
ukiyo-e |




Jason Allen "Thédatre D'opéra Spatial” generated by
Midjourney. Colorado State Fair's fine art competition, 15t prize Generated by NovelAl
in digital art category



XE CODFRFITF

[VQ-VAE]

T BMLG
B a8

¥ '("

MXE [CLIP]
[ZD DK ]
YEZT>—R
LT NL
ERAEFRS FEEDOEZANERRE, FEAED

FEFBETILTEDIITLD.



7 1—4—  HKEBEFT I

[Sohl-Dickstein et al., 2015; Song & Ermon, 2019; Song et al., 2020; Ho et al., 2020;
Vahdat et al., 2021]

IBi&TE : Fr Dz IEMDmICERL T < (OU-E1E).
dXt — —Xtdt ‘|‘ \/_dBt

dY; = (Y + 2V log(ps_,(Y:))dt + V2dB,
(Yt ~ Xf_t)
WHBIE | B (/1 XDDTH) hS#EClzE > TIEDDMmICEER L T L.

Latent Space Diffusion

Encoder P(Zo) p(zl)

Datax

- E=E NS
o%i%o re' '

Reconst ——— < —
p(x|zo) Decoder KL(q(zo|x)||p(z0)) Latent Space Denoising

[Vahdat, Kreis, Kautz: Score-based Generative Modeling in Latent Space. arXiv:2106.05931]
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[Kingma, Welling: Auto-Encoding Variational Bayes. 2014.]




[Song et al.: SCORE-BASED GENERATIVE MODELING THROUGH STOCHASTIC DIFFERENTIAL EQUATIONS. ICLR2021.

Data Forward SDE Prior Reverse SDE Data

G(OD— dz = f(z,t)dt + g(t)dw Qf?)_ dz = [f(=,1) g )V, log p:(z)] dt + g(t)dw —)6(-0\)/'
.
N
/’

po() pe(x) » pr(z) pe(x) > py(x)

TTDDTh BIEEE (/A X) DT
(IEAR 73 %0)

VAE



B (BAREIR)

Latent Space Diffusion

el

> T =

Ak

A2 /, H(C< LY (RERLEIR)




N 5—5 5l

SRR DONMZ B

[https://github.com/Keil8/tiny-tiny-diffusion]

E%:;Dbjfﬁfgtﬁ BAVER SNIZEEREDTEIRL T,



[ EBIEE =

By ==
dX, = —X,dt + v2dB,
OU-18%E
p X, DWERZEREEE T B.
1 . 2
pe(T) = fpo(y) exp (—Hw u2ty|| )dy

VoP(2m)? 20]
212U, pe = exp(—t), of =1 — exp(—2t).
Pt = /N(Mtiﬁoyfftz])po(xo)dxo

HIEREEN LD, BB (R RISE <.
KL(p:||N (0, 1)) < exp(—2t)KL(po||N (0, 1))

Latent Space Diffusion

> D(z1)

p(2o)

;?{L%J__Efﬁ,ﬁﬁ [Vahdat, Kreis, Kautz: Score-based

Generative Modeling in Latent
Space. arXiv:2106.05931]




Yo ~ o7
dY; = (Y; 4+ 2V log(p7_,(Y;))dt + V2dB;
53R Y, DO =X7_ DD 1h

(t € [0,T])

5 [Haussmann & Pardoux, 1986]

g_fd:;b-g, Yt ~ p?_t

BB ZHE(CTeEDCECKDT, (FF)ERDBIRES /AKX
HFRA(TIEIE U CuDBRO D MZEBIR TE 3.

p(zo) Latent Space Diffusion

> p(z1)

COEMNSIRHD

Yo ~ p7
<
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22l - LW ANEZRELTWN
ETRDIRRLSBTUIOTED.

BEigY—Tv hODMDODIX AT =ZHTEL T
MBSGLDIRETH> U T ULEDSETD

ERZFEDBR SR,

\
JANVAN

: EODMOA T (FEMTE, IS ET=X,DP

-\

MBS >HETEURXIT LML LT ).

o JAZXAMWMSTHMmN\DELZEZENd-to-end T

B9 30 Tl < PN fip, DIEiHR%

DTFENETET 5.
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A7 DHETE

v (A1)

0~ PT () o)+ TeotSpace oo
dY; = (Y + 2V log(pz_,(V3))dt + vV2dB;  (te[0,T))
= Yt ~ p? . [Haussmann & Pardoux, 1986]

AT IV (ERET ). /(pT(EtN(O,I)(C‘I'ﬁ‘ﬁL\)
Yo ~ N(O, 1) |
4V, = (Y, + 28(Y;, T — t))dt + V2dB,  (te[0,T)

Y &ERkE S RE U TRND.

T2 (Girsanov's theorem)

If }A/O ~ D7, then

KL(mllps,) < 7 | vV Iog(or_,(v) = (vi. T — )]}t

= X773 Vog(p)® CEDICITIEME(CHTE TCENIERL).




S— o— o— o

S|

!

S

S|

Ey;

E

(=
2

=

t

X+

AAPIYVF>D

IV log(p_, (Vo)) — 8(Ve, T — t)||*]dt
KA, sTETERR., 5TETEDIEDICESTRRZLN.

[V log(pe(Xy)) — 8(Xy, t)||?]de (X7_t Y (ERA U 537A)

[V 1og(pe(Xe))[|* = 2(V 1og(pe(X3)), 8( X5, 1)) + [[8(Xs, 1)]*]dt

__ Vpe(Xy)
2< pe(Xt) \

—

,§(Xt,t)> + ||§(Xt,t)||2] dt + (const)

~\— _/

B VPf(RTt 3 T 2
/ 2<M tt>/¢mdt+ﬁ[| (X2 1)
:/ 2(Vpi(xy), 8(z, 1)) day + E [HS(Xt’t)H ]
= [-2(¥ [ mtadsom(eoptz set) yao +E 5060 0]
://_2 (Vpe(zilo), 8(a¢, 1)) po(o)daoda, + E [||5(Xy, ¢)[1?]
th .’Et|$0 A ~ 2
// < Pt It|$0 t)>_pt(3?t|$0)290($0)d$0d93t+E H‘S(Xht)H ]

=Ex,.x, [~2(V1og(p:(X¢|X0)), 5(X¢, 1)) + [|3(Xe, )]




AAPIYVF>D

S|

Ev, [V log(pr_, (Y) — (¥, T — t)|?)at

S

c\c\ﬂ%c\

Ex,[||Vlog(p:(X:)) — 8(Xy, t)[]7]dt

= | Ex,[IViog(p:(X:))|I* — 2(Vlog(p:(Xt)), 8(Xz, 1)) + [|5(X¢, 1) *]dt
= ' _— Vi (Xt) S 5 2 cons
= [ Ex, k2< (X)) (Xt,t)>+\| (Xt,t)l] dt + (const)

-
Exo,x, [—2(V1og(pe(Xe|X0)), (X, 1)) + [|5(Xe,1)[?]  (BIR—ZDBHKD)

T
= [ B 19 1og(p (XilX0)) = $(%3, 0|t + (const)
0



AAPIYVF>D

T
rmn/'EXWQWng@AXAXw>—§aaﬂwmﬂ
0

S

BTN,

LU, X DRMmZISRVDTX,CKDHEIFE(FEHURLN.
— *D‘/j)I/ZFi’TCﬁ}Eﬁ?ZD (BET—9h5DFEHE).

EUINE (nT7—H =, D, = {x;}~,):
x;~py (t=1,...,n)
BERZROAT2 Yy F v IiEk:

mm_zf'%MMmu;>vmmmmM

seDNN n

%#Nﬁﬁ(a"ou‘ﬁiib‘&b‘)j > TED! BRICRED | (ERATBOEELD)
N(mie_t, 1 — e_zt) (X — e tay)
(IEAR21R) 1 —e2t




iRz AT DX ERIASE

s IR ES)ILDWEESDEE U THOERAIL: Song et al. (2021)

(TR ZEREAT]

« KL-divergence bound via Girsanov’s theorem: Chen et al.
(2022)

« Error bound with LSI: Lee et al. (2022a)
> With smoothness: Chen et al. (2022) and Lee et al. (2022b)

Error_propagation with manifold assumption: Pidstrigach
(2022)

[ Generalization analysis]

- Wasserstein_dist bound (n=1/4) with manifold assumption:
De Bortoli (2022)
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« U-Net
[Olaf, Fischer, Brox: U-Net: Convolutional Networks for Biomedical Image Segmentation. MICCAI
2015]
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Latent diffusion model

[Rombach, Robin, et al. "High-resolution image synthesis with latent diffusion models."

CVPR2022.]
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+ Probability flow ODE (PF-ODE)
dY; = (Y: + 2V log(ps_,(Y:))dt + v2d B,

W EIESDEDFP-A1ET
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Song, Meng, Ermon: Denoising Diffusion Implicit Models. ICLR2021.
Karas et al.: Elucidating the Design Space of Diffusion-Based Generative Models. NeurlPS2022
Lu et al.: DPM-Solver: A Fast ODE Solver for Diffusion Probabilistic Model Sampling in Around 10
Steps. NeurlPS2022.
Liu et al.: Pseudo Numerical Methods for Diffusion Models on Manifolds. ICLR2022.
Dockhorn, Vahdat, Kreis: GENIE: Higher-Order Denoising Diffusion Solvers. NeurlPS2022.
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» Chen et al.: The probability flow ODE is provably fast. 2023.
» Li et al.: Towards Faster Non-Asymptotfic Convergence for
Diffusion-Based Generative Models. 2023.
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[Kazusato Oko, Shunta Akiyama, Taiji Suzuki: Diffusion Models are Minimax Optimal Distribution Estimators. ICML2023]

dXt — _Xtdt + \/idBt Forward process

Backward process

Stable diffusion, 2022. dYt = (Y} + 2V log(ps_,(Yz))dt + V2dB,

. (Yt ~ X7_ )
BERAZ ATy F U IBES: rt

s—argmln—Z/ EthXo T0.: [H (Xt, ) VIOgPt(Xt‘SCOz)” ]

seDNN N

JEIE >
Let Y be the r.v. generated by the backward process w.r.t. s, Them

Ep. |TV(Y,Xo)| <n =¥ log?(n), (s BEEEOBSHE)
. A : __s41-6
Ep, |[Wi(Y,Xg)| Sn 2+ (forany é > 0).

bt (1Z1X) L=< v 7 AEHE [Yang & Barron, 1999; Niles-Weed &
\ Berthet, 2022].

(Estimator for W, distance requires some modiﬁco’rion)/
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