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Large language model

SuperGLUE Performance

90 Human. = One-shot —
a 1 'E a robot must obey the orders given it [RETmET 30T Few-shat (Km32) 9—. D
ﬁar\g at\\=lb\*ﬁ-l:l- .0 [Cf OO BN EEN EEN ENN NN Ta
Ii ﬂ 2 1 a0 3
R ( ; et Pt 3 g 2 3
7-\ ﬁ ? : what is the fermat's little theorem (_Dh
- 2 =4
0,
L ] e
>
(96 Fermat's Little Theorem is a theorem in number theory that states that if “p° is a prime Q
number, then for any integer "a’, the number *a’ to the power of “p’ ("a"p’) is congruent to
“a” modulo “p’. In other words, if "a” is not divisible by "p’, then "a”p” is congruent to "a’
Al hO GO/ZerO —_— modulo ‘p°. This theorem is named after Pierre de Fermat, who first stated it in 1640.
p [Alammar: How
a Value network b Tros ovalumion fromvaks et & Tree evaluation from rallouks Animations, a
3 43 400 000 090 ) 000 https://jalammar.gimun.ionow-gpio-works-
. i e \ 4uEEEn; * . . . . .
m % $H o e . visualizations-animations/] [ChatGPT. OpenAl2022]
35 H 2&: HHE ST P TS o "
2t R o s [Brown et al. “Language Models are Few-Shot Learners”, NeurlPS2020]
° o o k3 o0 520 % ° 00“.
o:oogo t 3 !:oc Yee * §%e s ".:.

d Policy network e Percentage of simulations Principal varatior

apian el st | i Generative models (diffusion models)

L . ee » o0 '3 oo Po(xi-1lx)
oot d0l | ineigndt| | asn @H —~ @ @H H@

prm

[Silver et al. (Google Deep Mind): Mastering the game of Go

with deep neural networks and tree search, Nature, 529, 484— [Ho, Jain, Abbeel: Denoising Diffusion Probabilistic Models. 2020]
489, 2016]

Image recognition

Stable diffusion Jason Allen '"Théétre D'opéra
¢ Spatial* generated by Midjourney. Colorado

[He, Gkioxari, Dolldr, Girshick: Mask R-CNN, ICCV2017] 2022. State Fair's fine arf compeifion, 1+ prize in
digital art category
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Ali Rahimi's talk at NIPS2017 (test of time award).
“Random features for large-scale kernel methods.”
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« RelU (Rectified Linear Unit)
o1 (x) = (W ey(z) +01)
W(E) c R™Me+1 XMy
pl) € R™Me+1

n(u) = max{u, 0}
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Generalization gap Excess risk

SRAEERZE: L(6) — L(6)

REZRE: LO) - inf L(0)
EULLIE LO) — ir}fE[f(Y, f(X))]
L(6)

RERAE

bR SR ULz EFIWATR
LO)—L =L(6)-L(6)+L(O)—L(6")+L(6")—L(6)+L(6") — L
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 No free lunch theorem

| 5B CREOEREZ R T

Y F BRI RIRA

OJEE CH D, HAIMRBIHFTFIK ESNIZFEICEH TRV ]
i 1 HBdEREICHHEUTZRE

o

NABIRTTE

> [aled

FEBFEL [ETh="s8E"95

WHEHHD ]

S EFUSIDOEEN (v HADR)

DLEHIFLTIEIRLY: CNN, Transformer, ResNet, ...

William of Ockham : 1285-1347. X ASZFOHEE, EFXFE.

No free lunch theorem: [D.H.Wolpert and W.G. Macready: 1995,1997][Y.C. Ho and D.L. Pepyne: 2002]
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B =YV IOXReEE
sup Epnp«[L(0)] = inf  sup Epnp+[L(0)
P*eP @:Estimator P*&P
BHFEE DFDRSRONFELLLY:
Epnop«|L(0)] < Epnop«|L(0)] (VP € P)
Epnp-[L(0)] < Epnop«[L(0)] (3P* € P)
(—RRICHEENDZ E(FR0Y)
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[Kaplan et al.: Scaling Laws for Neural Language Models, 2020]

7 4.2
6 —— L=(D/5.4-1013)700% | 56 —— L=(N/8.8-1013)~0.076
EFILHAXEE 3.9 48
5 )
3 3.6
- 4.0
S
E 3.3 3.2
F 3
3.0
2.4
L = (Cpin/2.3 - 108)0.050
2 T T T T 2.7 ; . T T T
t0-¢ 1077 1075 10" 107! 10! 108 10° 10° 107 10°
Compute Dataset Size Parameters
PF-days, non-embedding tokens non-embedding

(BEARW(SIRT —F A X ERBO>TLKLY)

[Henighan et al.: Scaling Laws for Autoregressive Generative Modeling, 2020]
Math Image — Text Language

Reducible loss

N
C ~0. = i -0.
B (uxw‘ﬁ) 14 N ¢ ol ©- xCIO’“) —
10° . - - | 10

Line color denotes model size

log(FRITEE)=—a log(n) + log(C)

[Brown et al.: Language Models are Few-Shot Learners, 2020] (GPT-3E5)LDfE#HT)

Compute (PF-days)




BARNEBERTS

« 20— JH|FEHBINREZIEF CHIEND.
(ERE3ER in 12) N

A fo(2) =0 ayps(x)  [FEL

py ~ =" =EWNT
" O o0
ga=—5: Y = f () +e S ad ey < oo

\__ J
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log(FRIERE) = — Zlog(n) +1og(C)  rrrzcavscrmso-sn




FEQRETILHA XDOFRIERE
log(FHIELE) = — - log(n) + log(C)

log(FHIFRE)
EFI)LE A AMEEDFRIFRZE
log (% + M“”) + log(C)

\

log(n)
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« Caponnetto and De Vito. Optimal Rates for the Regularized Least-
Squares Algorithm. Foundations of Computational Mathematics,
volume 7, pp.331-368 (2007).

« Steinwart and Christmann. Support Vector Machines. 2008.

FE 9 D EmITDim

« Mei, Misiakiewicz, Montanari. Generalization error of random
features and kernel methods: hypercontractivity and kernel matrix
concentration. arXiv:2101.10588.

« Bordelon, Canatar, Pehlevan. Spectrum Dependent Learning
Curves in Kernel Regression and Wide Neural Networks.
arXiv:2002.02561.

« Canatar, Bordelon, Pehlevan. Spectral Bias and Task-Model
Alignment Explain Generalization in Kernel Regression and
Infinitely Wide Neural Networks. arXiv:2006.13198.
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Deep learning theory lecture notes
by Matus Telgarsky

« https://mijt.cs.illinois.edu/dlt/
TDft, FBEROBHRIS

— RN U R 2 EURERERE S X OMRROCHE € 7V O HER E:

Giné and Nickl, Mathematical foundations of infinite-dimensional statistical
models. Cambridge University Press, 2016.

— kRN > R X2 Fast learning rate 23N IZINER S N 7=kl &
Wainwright, High-dimensional statistics: A non-asymptotic viewpoint.
Cambridge University Press, 2019.

TEBREFE DO EELE: van der Vaart and Wellner, Weak Convergence and
Empirical Processes: With Applications to Statistics. Springer, 1996.

Wt T O 2R E: van der Vaart, Asymptotic statistics. Cambridge
University Press, 2000.
SLEIHOLRE (FIE): LA, BEHNLBIER (MLP >V —X).
1, 2015.
SR SR8

e Mohri et al., Foundations of machine learning. MIT press, 2018.

e Shalev-Shwartz and Ben-David, Understanding machine learning: From theory
to algorithms. Cambridge University Press, 2014.
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1987
1988

1989

1993
2015

FRiRAeD [ Hueialeer ]

“Ea—J)LxRY NJO—=D(&
EATREEREBEEDORE CIHUTES.

I (C 35— S DEIRCH D, TFNER
CipB1—SiLFwy RO—IEROAEE A
BB TEEETE3.

[Hecht-Nielsen,1987][Cybenko,1989]
psrsoma) A

Hechi-Nielsen
Gallant & White

Irie & Miyake
Carroll & Dickinson
Cybenko
Funahashi

Mhaskar + Micchelli

Sonoda + Murata

55 AL C(RY) F(x) =
Cos L, (K)
integrable L,(R%)
Confinuous sigmoidal L,(K)
Continuous sigmoidal C(K)
Monotone & bounded C(K)
Polynomial growth C(K)

Unbounded, admissible  L;(R%)/L,(R%)
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ReLUZETHERIER

n(u) = max{u,0}




0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Obl’l](blilﬁ + Cl)
+ azn(bax + c2)









C e IES (Ol

» Cybenko®Di®

[Cybenko: Approximation by superpositions of a sigmoidal function.
Mathematics of control, signals and systems, 2(4): 303-314, 1989]
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SEHEBEE NS T EA BRI € n(z) — {

1 (z— o0)
0 (x— —o0)

SEIEACBAEI D ERIRS T EA I\‘E'Jl%a;mb EEDf € €([0,1]Y) &,
EFRDe > 0(CH LT, HDglx) =Y~ am(a;x; +b) MFELT,

sup | f(z) —g(z)| <€

x€[0,1]¢
ECTED.




siE BA DS =% A 18T Bk

« SUEA REIDBEEICHL,

(1 (a'z+3>0)

h (a’(aTgc + 6) + 9) i { h(@) (Og—rgj + 8= 0) -

0 (a'z+8<0)

WA DIID. DFD, RT—)La@EY)(TEANL,
PEERBEE e N B TEXKELUTES.

- [BEEREEZIALTENL, ENSZREULEIETT B ET,
cos(a’x + B) °sin(a’x + B) Z#ZWLW\ K BTEKLLIABTES.

. cos, SNIER TE B SFourier(¥)Z@RETED.

» EROEHREBNIBUTED.




BRI (RidgeletZia)

 FourierZ i
f@= P NSy MWL
weRd g } ]

° Rldgele’r’Z{‘}f& | [Wikipedia, 7 — | TZ5H]
NN (FFourierZa(C BT Bsin,cosdf1 D ) = | e e 0 o)l

(CIEEHZ ) — RO LEHTE THEEZXRIR.
Dr—JLw N+ S ROEHA %

@5WRﬁRﬁuT@r%§%ﬁJ%ﬁE?&?5:

Kypn i= (27T)d_1/ Md& <oo (P, fldFourieZEH) CTqu:V\/
___________________________ oy e ’
Ay f(a,b) / f(@)¢(@Ta—1b)|ald [RidgeletZz) /ég N
a,b) = x r'a— al|ldx = N
?,b Rd f(};w\\\
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See Montavon et al. (2011); Bach (2015)
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(1)3 >4 LS EHEDEEED

S IR f(x) =) rjo(ujz+by)

CHUTEBRER(C SSHLCER | o
APETHRICEE | | gkELo—gsm) | (EF)

SR : HDIMROBELS I T DDCHERS A MMFHEDHRM(FEN SN ?

)| =, —DDZ1—0O>FFAMNTBDICEM = exp(Q(d)) BE. |(RTDOBR)

DED, SOANFEEZTERT DHEIEIEEICEHERMNE.
REFBDLS CE—BED/SA—FEFRULHNHRN,
X S48 NEMBDEL, H—FILDRS > REMEEHBES. (FEFEDOBEN)

EH (Yehudai and Shamir 2019) ~

Hd ut €RY b eRst. u*|| < PEHFIELT,
Ex [(F0) —o(wTX +59)7] <01
\_ THDEHICIE, M -max;|r;| > exp(Q(d)) MRHE. p.

[Yehudai and Shamir. On the power and limitations of random features for understanding neural networks.
NeurIPS2019.]




(2-a) Barron class& S >4 LASHE ©

7. probability measure

- TCOREFDIBERKEILAIL NZER] (o: ReLU)

o= ([ | [ vt <)

1£ 13, = Ewnrlla(@)’] =L f = [ a(w)o(w z)m(dw)

(RIR, INEBEZZL(z,2') = [ o(w z)o(w 2")n(dw) EFBRKHSICAD TS, )

« MEIDS > LSHETRSNDETIL

M
Hrand(M) = {f(:n) = Zfrja(u;:r;) ’ r; € R}
=T[5 YACERUTEE

(ELRRICE D TEXRWN)

TEIE (Barron classDiFETE; E, Ma, Wu, 2019)

HDIMRAETHMFIEL T, TEDnlC KD TRFDBEXEILANIL MZEFDTT
feHy (fllz, <1) ZBEICEDOTLDE, BIFARKRDIZID:

A 1
1 = fllzapx) 2 I/

~inf
fEHrand (M)

) PEFOUIRY (o cmER T B ICEM = e UDKUE)

[E, Ma, Wu: A Comparative Analysis of Optimization and Generalization Properties of Two-layer Neural Network
and Random Feature Models Under Gradient Descent Dynamics. arXiv:1904.04326, 2019]




(2-b) NNIC K DRTTDHR\DEEH

—AT, HEEROBEES (TR LT, @E(C—

[==]
=

SA—H () ERETBE, REDHRNEE

D)\

WHCED.

4 A CNEBNED
Han (M) = {f(a:) = ZJM;I rja(u;rx)

- 1
. B 2 _ =
,\lnf ||f f”LQ(PX) 0 (M)

fEHNN

\_

ri €R, u; € Sd‘l} : NNDES

~

J

NN(C KD TRAZOEMDOIENRE SN TULSD.
M~-1d = pm-1
—EEERE)  (—EETZ)

B . 525 NFHETT & (d-1)RTcEAIEKE
ERZEBEODIC, 1/eMEDZ1—O>HE.

[E, Ma, Wu: A Comparative Analysis of Optimization and Generalization Properties of Two-layer Neural Network

and Random Feature Models Under Gradient Descent Dynamics. arXiv:1904.04326, 2019]
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- BYmPIZL A [Montufar et al., 2014]
ZE DA E #X

- ZIATNER, T>YILiER [Cohen et al., 2016; Cohen & Shashua, 2016]
HIET DIREL

- E RO — [Bianchini & Scarselli, 2014] Flinrin N
R F# (Pfaffian)

o U= + FI9IFIEE [Poole et al., 2014]

BIA G &

KF(Z, WIREDE UV EEDELUIRENNDEF]

2x (0<x<1/2)
h(x)=<2(1-x) (1/2<x<1)

0 (otherwise).
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ZREMNSITSIH (1): tlEDBER -~

NND“FRIF" : EiEZAEOZHIK(CHITENDH ?
e BT U TERIRADIIIBHN(C_EHNS.

(2) S (1) L O

. HESEOL T w N (108 ([Cxd LTz E, | n ¢ FREEOREE
no . ny : AJIDIRTT
> (%)
7=0

3.

F

1. Fold along the 2. Fold along the
vertical axis horizontal axis
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[Schmidt-Hieber, 2019] [Nakada&Imaizumi,
2019][Chen et al., 2019][Suzuki&Nitanda, 2019]
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[Facco et al. 2017]

« Classic nonparametric method: Bickel & Li (2007); Yang & Tokdar (2015);
Yang & Dunson (2016).
 Deep learning: Nakada & Imaizumi (2019); Schmidt-Hieber (2019);
Bauer & Kohler (2019); Chen et al. (2019a,b); Liu et al. (2021).
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[Suzuki&Nitanda: Deep learning is adaptive to intrinsic dimensionality of model smoothness in anisotropic
Besov space. NeurlPS2021.]
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Suzuki&Nitanda: Deep learning is adaptive to intrinsic dimensionality of model smoothness in anisotropic Besov space.
NeurlPS$2021, spotlight.
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Suzuki&Nitanda: Deep learning is adaptive to intrinsic dimensionality of model smoothness in anisotropic Besov space.
NeurlPS$2021, spotlight.
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[Okumoto&Suzuki: Learnability of
convolutional neural networks for infinite
dimensional input via mixed and anisotropic
smoothness. ICLR2022.]

[Ramsay, J., Hooker, Giles, & Graves, Spencer. (2009). Functional data analysis with R and MATLAB (Use R!).

Dordrecht: Springer.]
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[Kazusato Oko, Shunta Akiyama, Taiji Suzuki: Diffusion Models are Minimax Optimal Distribution Estimators. ICML2023]

dXt — —Xtdt —|_ \/idBt Forward process

Stable diffusion, 2022.

BERAAT2yF U ITHEEE:

§ = arg min —
seDNN N

dy, =

Backward process

(Y, + 2V log(pr_,(Y2))dt + v2dB,

(Yt ~ Xf_t)

Z / E x| xomros [15(X0, ) — V log pe(X¢ |0, |?] dt

Ep

mn

Ep

n

\ Berthet, 2022].

TV(Y, X,)

Wl (?7 XO)
EHund (121F

SN

SN

JEIE >
Let Y be the r.v. generated by the backward process w.r.t. s, Them
55+d log”(n), (s: BEELODESHE)

s+1—96
2s+d”  (forany é§ > 0).

) I ==v ¥ A& [Yang & Barron, 1999; Niles-Weed &

(Estimator for W, distance requires some modiﬁco’rion)/
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[Shokichi Takakura, Taiji Suzuki: Approximation and Estimation Ability of Transformers for Sequence-to-Sequence Functions
with Infinite Dimensional Input. ICML2023]

Transformer® &8

s MREDILWS—=DTMENSEER
N—2> %8N B.

— IRTTDIELN ?

Self-attention

o« ANICHPFUCEER N> %=
BIRTEB.
— RITDOULL 2 [O]5EE | FNN
2BDCET, e [UDBXTLWSB] .
EIR (HEERE)
1 - ” o - 2z « max «
r—1+1 ZE[HFJ — F; ||%2(PX)] < " Eetr1 (log p) 2/t 2tmax{4/ad)
=1
’ (FEF==V U REHE)

> ANNWERRTCTEZIEA - —DIERL — .
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— Overparameterization
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TSIV F: d-IRTT) S A= P
n. 7—F914X
1 n Estimator

f < arg min — Z:(yZ — f($1))2

n

d (TINERZE)
:H| é_ll—uj. = — 4+
%/[\JD/ \% n lnf ||f f ||L2 (PX)
Variance Bias

F—AYA X (n) K IN\SA—S% (d)
DS, BEOFBHEGZETAM—T(CHTI(IHDEELHT S.
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ResNet18 two layer ReLU net

0.15 1

0.10 =45 " | \\
0.05-\

error

—— training error 0.2 —— training error

- test error —»— test error
0.001  rr—rrrrrr 0.0 e rrrrr

DNNs cademia 4 DNNs in industry Digita]
@ DNNs in academia with optimization Reasonin,
A\ 10" - _
— L Nvidia's network
u 2 o' . @ Livermore B
2 aidu Brain
— O m— (\Y g E oo Google Brain
€7 — - 10 LR
u [ 5 M OverFeat VGG-16
10° ResNeti10 ¢
£ AlexNet ResNe 150“ .. Inception-v4
2 10 Clarifai Incgption-v: Reshert202
. Squ Net
10° | LeNet-5 NN @
10

T T T T T T T
1998 )2011 2012 2013 2014 2015 2016 2017

vear [Xu et al., 2018]
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Uniform bound

W(f)

Y. loss function f*
()= = S0 f@) () = B, ()



Uniform bound
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Uniform bound

Uniform bound
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Uniform bound N Rademacher N Dudley integral )
J\ complexity (covering num.)
v D V| 70— |sup 23wt s ))] Ly
~ n = sup — €WV Yiy J(T5 — log(N (€, || - ||oos F))de
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Author Rate Bound type \
L L

Neyshabur et al. (2015) 2 Hf\/% fier Norm base
Hﬁ—l Ry 2 R?/23—>1 3/2

Bartlett et al. (2017) e R’i i Norm base

.2

L 2

Neyshabur et al. (2017) %\/ LW Zle %i Norm base

Golowich et al. (2018)

Li et al. (2018)
Harvey et al. (2017)

Arora et al. (2018)

Baykal et al. (2018)
Suzuki et al. (2018)

1

L2 max |f(z)2 3, =55
Hele—s

1<i<n

n

JLQ max |f(z:)|> i, (A)2 oW ¢

1<i<n

i \/)\_£+\/2le mg+1mg
(=2 "

Norm base

VC-dim
Naive bound

Compression

Compression

Compression

_/

L: depth
W = maxy my: width

EMREIIND > R

Rp: Frobenius norm, Rs: operator norm




Naive bound (VC-X7t)

(VC-U"(J_B [Harvey et al.2017]

NS RN
L2t M o ) AR
(\/ ot parameters) e my: width of ¢-th layer
" e L: depth

@ IS A= YL mymp,, NEDFEFE/IND RICIBNTLEDS.
@ NS A=—FE>T —FHA XDIKRZREA T E TR,
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NN model: /() = (W) o (WEUn()) om0 (W)

« Bartlett et al. (2017): Spectrally-normalized margin bound

4 L L p2/3 3/2 )
£,2—1
G T ()
=1 =1 0,2
\_ J
¢
R = WO = (W) Reoy =3 W

(RAHFEE)

> [lb, Ry, (FTHREN SERREICESEENGIRT ZNEERTUTS v YE
*

58

> Rygoy/Res [JATFFIWODZI—RMERET. BLWONINSIRS ILLDIT

ZIeK SAZDRRS, COENELKRD.

© MEEICFLULV > BRI/I\SA—Ft=NicRmy KD —D(CHER D!

[P. L. Bartlett, D. J. Foster, and M. J. Telgarsky. Spectrally-normalized margin bounds for neural networks. In Advances

in Neural Information Processing Systems, pp. 6241-6250, 2017]

J
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NN model: (@) = (WEn()) o WEDn()) o0 (W)
« Neyshabur et al. (2017): PAC-Bayes bound

L R
L L2 max;me Y, %
1. (o R
=1
14 12 .
Ryz = [WO| = gy (W) Rer = |[W¥ g : Frobenius norm
(maximum singular value) (smaller than Ry ;1)

» Ry . DI (TR, g which is smallen HTULND.
> ZTDARDD, EEm,BEHTETTULD.
> BTN R/ =XTIFRVIRRTIE, CESDHEMNTA .

[B. Neyshabur, S. Bhojanapalli, D. McAllester, and N. Srebro. A PAC-Bayesian approach to spectrally-
normalized margin bounds for neural networks. ICLR2018.]

« Golowich et al. (2018)

1 | L
HRgleIl{ 74 n}

> SEZR(CFrobenius /ILATZITTHEEDOIT BN TULS.
> fElEMHE TR,
[N. Golowich, A. Rakhlin, and O. Shamir. Size-independent sample complexity of neural networks. COLT2018, pp. 297-299.]




HEH)

JIVLBYND Y RERETED.

9.0

—

T 0.0 —

< m =4

[gv] pr—

m 45 ] (X g ‘ ~ _‘—L 3
~— - J < 1.0 —® frominit ”:

%04 0 NeyShabur+ 18 & between weights = ,

— ) ] L . ‘ ‘ — 1 : ‘

| Bartlett+'17 128 512 2048 8192 32768 128 512 2048 8192 32768
& Training Set Size Training Set Size

128 512 2048 8192 32768
Training Set Size

[Nagarajan and Kolter: Uniform convergence may be unable to explain generalization in deep learning.
NeurlPS2019]

EIRER  IFEST—F A XADMERBEFE/ND S RBEKREL RS,

¢ TNUFUT Y WIEE ([, IWelly = [They Rpp) BNAZ KRBT EICLB.
« COER>IDT—AKFRE(CEIRTESD (Wei&Ma (2019), Arora et al.
(2018)). — HEDHA MRS,
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k. [T—AKEFR] UTSwWiEs4E:

() = NIl < xllx — x|

for any training data point x and its neighborhood point x'.

. I 3/2
Nz Z ,{Q/SR?/QS—M)
\/ﬁ (ﬁl |

N\ J

(informal)

[Wei and Ma: Data-dependent Sample Complexity of Deep Neural Networks via Lipschitz
Augmentation. NeurlPS 2019]
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- P EONEHDEITIIDEIBED 1

N EDEMHMTIIDRREN 1

iR ST BRSEML T, -
S BT OEEE BHTHIDERIE mox TR

layer:c7 (cov) layer:c7 (weight mat)

35 1 Layer  Original Our bound
0 1 1,728 1,013
-\ Spd i “Eb = 4 147,456 84,499
ISR 9 <R 6 580,824 270,216
9 1,179,648 50,768

] 12 2,359,296 4,583

P ® Wk % T w m m w 15 2,359,296 3,886

index

\ﬁe = %ée(mi)ée(fﬂi)T

DEFEDEITINCEHTINE

------

\\ -

0.9

iy
X

NSNS B B TSRS < >
(AIC, Mallows' Cp) -. . oal

Samams ==Y E
o , SNEHRE
v <y o3 gé’ =
(f) - (f) .......... 02}
S - -
g E f 2t T Vi : ol ]
S My Lnh2es : { _ m€)4/ﬁ+2(1—1/_2(1)§
+0 (L Zﬁnl ........ 10g(n)> + \/L1+6 (Zel ......... n ...................... 1og(n)3 oo - — — ZOOJ -
SO (RAR—=(ZF¥H)
—— N, = 1, o -
H—=RIViEDOHEH | T
== i j
(ZETEH—RILRBIBRTET )
1 2] ,,‘9‘
[Suzuki: Fast generalization error bound of deep learning from a kernel perspective. AISTATS2018] £ ‘?'i.‘“
[Li, Sun, Liu, Suzuki and Huang: Understanding of Generalization in Deep Learning via Tensor Methods. AISTATS2020] ) ‘ ',"‘"-o L)
[Suzuki, Abe, Nishimura: Compression based bound for non-compressed network: unified generalization error analysis of SOTA Arora ct o ours oo .
large compressible deep neural network, ICLR2020]
(a) Bound comparison (b) Generalization bound

[Suzuki et al.: Spectral pruning: Compressing deep neural networks via spectral analysis and its generalization error.
IJCAI-PRICAI 2020]




TREEOXRENEHE @y -

AN §\ Fy(x) € R™ : RIBOESHE (m,/Ko)
- i I'ng““ = 23)
DD Fyy(x) € RI BRSNS ML Q)
IR S
ST DHDEUTI: 2, = E[F,F,]
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FEDA > olcxd LT, mi = Q(N,(Dlog(N, (1)) ED4#ED
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F(@) = (WBn()) o (WEn()) o0 (WNa)
SRS > IR EHTHI & S EREESIBATH:

> o, (W) <57

> 0 (20) <577

HRMELR AR

+ Other boundedness condition.

TEI (suzuki, Abe, Nishimura, ICLR2020)

(0;(+): j-th largest sigular-value)

<
S e (S Nt ey
+ O ( ng—nlmﬁ log(n)) + \/ [ 1+6 (Ze_1m€)n ........................................... 10g(n)3)
where § — B VC-RTTICKRBINT> REDAE S HE:
dox + B ------ .
(2a—1) ~ R

Z [ JEED_H
[ et=1i L0041 10g
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[Yu et al.: BIgNAS: Scaling Up Neural Architecture Search with Big Single-Stage Models. ECCV2020]
(EE & BRDDNASTFIE)

« FEEOXRY NI—TONEHETETDEIDICES
. Kécfdii’\u NO—DOMWS/INESRRFRY MDD — 77&

~
xy One-Stage Model BisNASModel-S BisNASModcl-M BighASModel-L BigNASModel XL
ﬁ
eb # = :#
- — ]
S 7| T !
228

ImageNet Top-1 Accuracy

. . 7|—\ 3
« EfficientNetZz _L[o]5% -3
I — R e
| ! | | }
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Double-descent (Z&EET)

n>d: EEDNTTE d >» n: 18F|) S A—SF{LDEE
under-parameterized

Test risk /

(4

over-parameterized

“classical”
regime

“modern”
interpolating regime

Training risk:
_____ DA . _interpolation threshold

[Belkin et al.: Reconciling modern machine learning practice and the bias-variance trade-off. 2018]

« EFTILNGDEME (U2 TILDAX) ZBATT1R, E_ORTHEESD.
« ETILHARANT—HEIDZNWEHEED/NU T AN USHSD.
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Principal component regression 2-layer neural network
K = 2 1\.; logeo(\) =22 ||
0.9+ logyy(A) = 1.3 *
logy(A) = 0.4
o | N
= 07} e\
— logy (A = —3.9
9 60-6_ — log,,(A) = —oc |7
Q ] =
X O Zosr
) o
= o o4l
S -
o 03r
8 02r
S -
e 0.1 F .
T T T T T T SOmple SIZe = #68 JJres
0.0 0.2 0.4 0.6 0.8 1.0 o e T e T
a=np / N /s = N/n
(WS DDERDZFHNZNY) (W< DDZa1—O>%ZANEh)
PopulationB e EZ > TS E LT,
TDERKD ZFIA

[Xu and Hsu: On the number of variables to use in principal component regression. NeurlPS2019.]

[Mei and Montanari. "The generalization error of random features regression: Precise asymptotics and double descent
curve." arXiv preprint arXiv:1908.05355 (2019)]
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>d/n -y >0EVWWDENARERTE T, BERUXDDE
> Marchenko-PasturBll, StieltjesZ

m(z) := éTr [(XTX/?’L — ZI)_I} 2% m(z)
o .
m{z) :/0 T(1—7(1+ 2m(2))) - z

B Dobriban&Wager: High-dimensional asymptotics of prediction: Ridge regression and classification. The
Annals of Statistics, 46(1):247-279, 2018.

B Hastie et al.: Surprises in High-Dimensional Ridgeless Least Squares Interpolation, arXiv:1903.08560.

B Song&Montanari. The generalization error of random features regression: Precise asymptotics and
double descent curve. Communications on Pure and Applied Mathematics. arXiv:1908.05355 (2019).

» SRPARFNIC K DT
> ARD > TIVTA XTH1F B FRERED L FEHTE (n < o)
> IRL — MHHETE 3. (n > & ERBBIDIE S Vi 3

B Belkin, Rakhlin&Tsybakov: Does data interpolation contradict statistical optimalitye AISTATS2019.

Bartlett, Long, Lugosi&Tsigler: Benign Overfitting in Linear Regression. PNAS, 117(48):30063-30070, 2020.

B Liang&Rakhlin: Just interpolate: Kernel “Ridgeless” regression can generalize. The Annals of Statistics,
48(3):1329-1347, 2020.

dH(7)  (H(7): Spectral measure of ¥,

° CGMT (Convex Gaussian min-max Theorem)

B Thrampoulidis, Oymak & Hassibi: Regularized linear regression: A precise analysis of the estimation error. COLT2015.
B Thrampoulidis, Abbasi & Hassibi: Precise error analysis of regularized m-estimators in high dimensions. IEEE Transactions
on Information Theory, vol. 64, no. 8, pp. 5592-5628, 2018.
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[Belkin, Rakhlin&Tsybakov: Does data interpolation contradict statistical optimalitye AISTATS2019]
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RAZET)L: DEHDEUTIITODER

Yx = E[za'] € R*¢

Eigenvalues of Zy (spectrum)
A
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[EIRAESGE: flEIHERE

yi =z, B+ e

(d > n)

overparameterization

Ele;] =0, Var(e;) = 02, Cov(z;) =%

(X — [wla"'axn]—ra Y = [yla"

. %}J\J)bb*ﬁrﬂﬁﬂﬁé (Mlnlmum

1B F

ynl ")

-norm interpolator).

LfCM%EODOD

B =argmin |8 th T — AT

BeER4
st. oy =x, B (Vi=1,...,n)

m) - (X'X)"X'Yy

. interpolation

- FHIERE (predictive risk, excess risk):

Ec[|5 - 813X

2

1.5

1

0.5

h=0.4

0 02 04 06 0.8

By i= argmingega || X8 — Y[ + A 82

Ridge regression
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[Yang, Bai, Mei: Exact Gap between Generalization Error and Uniform Convergence in Random

Feature Models. ICML2021 ]
[Bartlett&Long, JMLR, 22(204):1-15, 20211 6&88
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(N/d)|lal|l3<A,R, (a)=0 RERERE=0DHT—H/\D> RZED. a > 1D (35
INJ VLR EEFEND.
S5245 NFEE

N
Z ((,0,)/Vd) :a e RV} NAFHER dANDRTT, N> TILHAX

=1

Frr(© {

.,
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« Hastie et al.: Surprises in High-Dimensional Ridgeless Least Squares Interpolation, Ann.
Statist. 50(2): 249--986.

yi =z; B +e B = (XTX)"XTY : &I\ JILLRREER
proportional limit n,d — 0,4/, - y(CHITDEEJ XD
R(y) = lim E[|3 - 5 [4IX] =2

} r? =", 0% := E[¢]] \

(2

n,d - MDD d/n — y € (0, ) (oroportional limit)
DO1RPE CHAF FHIERZE (LU F OB (CHIINER 9 B!

{02ﬁ (v < 1)
(1——)+a 1 (> 1)

\ Bias Variance /

E.p,[(z" 8" — 2" )’ = E;[(z" 8" — 2" E[f])’] + tr[Cov(B)Z,]

N

TV
B: Bias V': Variance




= |15*1%, o
R(7)

10

Numerical Experiment

— SNR =1

—— SNR =233
SNR = 3.66

—— SNR =5

0.1 0.2 0.5 1.0 2.0
Y ()
= E[e7]
QL

1
(i 0) vt

Bias Variance

Bias = ||p*||%, Variance = 0.
XTI TIFL=0THD. Nz
EOT HEEELTWD] &IFE
W< WLDTER.
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Amairi, Ba, Grosse, Li, Nitanda, Suzuki, Wu, Xu: When Does Preconditioning Help or Hurt Generalization2 ICLR2021.

d > n: overparameterized regime

Test risk

Risk

yi = x; B* + ¢

Training risk: . '
I ki
Complexity of H

(" . o T )
,éIEI]IRI}i H/BHP—l s.t. y;, =z, 0 (interpolation)
i (Vi € [n])
N =8 PP Y

t Q: PICKDTFHI

4 )
PO — _px7(v - xp)/m| MWL,

® jnitialization

TRENEDK D (CEEZITDIN?

\_ Preconditioned Gradient Descent y,

I: Gradient descent (GD)

>z 1: Natural Gradient descent (NGD)]
(E D5 Th CHIMHEEL D J=FisherlBR1T5) L

PGD

P
P

o




B/ N7

Bias-variance fiz

E..p,[(z' " — xTB) ]

B: Bias

E,[(x" 8" — 2 E[B])?] + tz[Cov(B) %]

¥ a

V': Variance

= i [Amari, Ba, Grosse, Li, Nitanda, Suzuki, Wu, Xu: When Does Preconditioning Help or
’Eﬂ (|nf0rma|) Hurt Generalization2 ICLR2021]

d/n -y >1 (Tl - Oo)d)ﬂ_BE(;Bw_é%/ﬁUnx\#@/@?L'f 7@?,‘“"4 (LEEFII:I:II

1. JA\UFP >R

P = X" (Fisherl&#RiT5) H')\U 77> X = &/IML.

NGDHY/ N 77> XA DEKR Tl
2. )\A7PR:
No free-lunch: EF]ICEERPIIRTE CE/RLY;

« BENELMINT 35 = IITHED TLMNUIIGDATRLN.

(AMMBRDEFE
N7 2 2D )

« BENIEERNDMNEs- = 27T D TUOMUENGDATRL).

d/w XDRTE: prDORIFE(CRIT ZFHIEEE
DEAFBZ LLEL E[p* 8] = 57)

»GDc‘:NGDODEPFaEIb‘El,\ {Additive= P =(a¥,; + (1 —a)lq)

Geometric: P =3%_¢

€ [0,1]

—1 o025

0.401

0.351

0.301

0.201

0.15;

2JuUeLeA § selq

GD

interpolation coefficient NGD



& D FFl 7RSSR

(A2) Zyp:= PY23P2DRANRT ML Hyp (CFEUNER T D HIRGE.

-m(z) EECES%HE 1 / T 4H
BETEBETS: m@ 7 T e
— Ixpx TDANRD N)LDERE 72 ZRIR.

1. AU R:

vV 5 o2 ( lim m/ (=\)m = ?(=)\) — 1)
A—+0

V > o0?(y —1)7! and equality holds by P = X!

(A3) PESHREIUEBARYT NLUuzEHE.
2. )\ 7P R:

E g+« [B] Py /\li}niom'(—)\)m_Q(—)\)E[vmvg(l+v$pm(—)\))_2]

JEIZU, (ex eq, exp)|E T, Zxp, diag(U T Zp- U)DEBET (vy, vg, vyp ) ICTTUINRT
DEDETD.



Bias:

NGD

GD

Bias /Variance trade-off:

1.5 2.0 2.5 3.0
y=d/n

3 = Iy (isotropic).

.0 GD

NGD

1.5 2.0 2.5 3.0
y=d/n

¥y = 2! (misaligned).

0.40

0.35

0.30

0.25

0.20

—— bias
variance

e geometric

additive

aoueleA g selq

GD

interpolation coefficient NGD
Monotonicity of

bias/variance.

20.0 damp=10.0
—eo— damp=1.0
—e— damp=0.1
15.0{ —— damp=0.01
—e— damp=0.001
—e— damp=0.0001

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Noise Standard Deviation

Additive interpolation
(MLP).

—¥ oD

10724 —— NGD (60000)

10*3,

Stationary Risk

—1.0-0.9-0.8—0.7—0.6—0.5-0.4—0.3-0.2
r

Two-layer MLP (MNIST).

Additive: P = (aX, + (1 —a)ly)~!
Geometric: P =>_¢

a=0.0
301 o g=02
~ —— a=04
v 40
[~
2 301
@®
c
o
5 204
©
i
n
10+
oA

0.00 025 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Noise Standard Deviation

Geometric interpolation
(MLP).



B35P
AEFEHODREIE

-JECEDFRIE-




REFBD"FB"

ARE_Z1—3SIRY ND—D%T—
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L = : > 40w

iBEEHDT —YTIERAELTLNE
ML, BED TONEAREL

BREE . T —IN\DETIEEDESEL

W)\ X—4

J5 KBS IME L(W)

I%pLﬂV)

(W(FER+{ERT)

B, HERNAERETECREL



/7y
HobsE Tk

—V
wl Wt 1)

Wt —
— Wt—l
wl(W*1)




[al 8 =

SLNESEswaE S dlESE

CREER | OF (x) + (1 —0)f(y) > F(Ox+ (L —0)y) (¥Vx,y e RP. 6 < [0,1])

\\ y

\_
7 > / X >
™ T
BhEEfF = Kig Y 5 E % B ERIE % Kl Y B fi%
B ERIEAE R S (C (EFEDOJEEE D D

“RWRY RO —DDFB(EINP-TE:
« Judd (1988), Neural Network Design and the Complexity of Learning.
« Blum&Rivest (1992), Training a 3-node neural network is NP-complete.




BFhEiEE

*EFEOHENBIEIIIED
EFTHY BB fAE
RIEHY BB 7

o BRAZZRIENNORFTHY ErilE i (3 C A IB A B A7
Kawaguchi, 2016; Lu&Kawaguchi, 2017.

XIZTZ UXRIIFERAZNND .

— RN RIBHNRERE CTHDZEDFFBHEIN TS
(Yun, Sra&Jadbabaie, 2018)

o 18RS > D175 7T DB A RY BralE fF (328 "C ORI BralE féf
Ge, Lee&Maq, 2016; Bhojanapalli, Neyshabur&Srebro, 2016.
min Y (Vi — (UUT)i)

UERMXk
(i)EE



Loss landscape

» 1R DL L INNDFIERZ= (C (S U /PR
EEEN RV, (BPiRERIEKIENER ﬁq: ED

IR D TUND) oz, miss Al SR B SRR,

EH

nMBDIIFET —5 (x;, y) L, DN EZENTWVWD ET D, BREEE
MEEE T B.
EEOEFIEHECEEC DT, EightT—5H5 1 XKDIALY
(M =n) ZBNNfw)(x) = X1 am N(Wyx) ([CXT 9 DEIERERZE
Lla, W) =137 (i, fraw) () DIEBD L)LY SOIIHRETE
B IABNEERESD. SR 3E, FEORFSERIL
\ NG sEE ChD. /

[Venturi, Bandeira, Bruna: Spurious Valleys in One-hidden-layer Neural Network Optimization Landscape
JMLR, 20:1-34, 2019.]

s VA Sy A /

(DA > TULVRLY)
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RO LU E,

a B A DV RIS AR (C78D

NS/
| AIRIIRKN 7

L(W) Y

BHEEDNSVOT, HRERERDS \\ /
BA3ABENRDF°T L. 0 /\/\ N\ >
o _FEFEDERNTEE

» Neural Tangent Kernel (NTK)
> Mean-field analysis (115 EFT)




“DDART—YU>D

fw(z) = Z a;n(w,; x)

* Neural Tangent Kernel®regime (lazy learning )

> aj = O(1 /\/ M) [Jacot+ 2018][Du+ 2019][Arora+ 2019]
« JLITIZERITODEKTE (mean field)
_ [Nitanda & Suzuki (2017), Chizat & Bach
> a; = 0(1/M) (2018), Mei, Montanari, & Nguyen (2018)]

FEAEDR T - > J(CKD T, FIEAMELLE
NTCEFEBICX DO THKARESTDEISHEDD.
— FEBDYAF=ZUX, N CEE

(FEFTDE LS EIED)




BHDAT—)I C/H5HFE

f(z) = = 3t rjo(w] x)

NTK: Large scale initialization — features are (almost) freezed.

'\ NTK parameterization
| \
l- 0.1ﬁ > \\‘\. ?\::‘ ~
[/ ST,
1/ 3 w> ]
2 [ ;‘_-. \\ '0‘\.;;\\\.}.\:;‘ . ;‘--—______‘-"
| . ‘
\ c —_ —

0.1 /\OEX—QODELE’)]—‘
flz) =33 ajo(w] )

Trained

0 1 2 3
[Ba et al., 2022]

Mean field: Small scale inifialization — features need to move significantly.

f(z) = 47 oy rjo(w) x)



(8%) LR T —I)L EFBROED

« ABC/)\S A NSATZ—> 3> [Yang&Hu, 2021]

2 (&) = ¢(h'(&)) e R, AT =Wl () eR?, forl=1,....,L -1, pni&iE

(1) NS A—SEETE (2) FIEMEE (3) ZBHRDART—IL
Il — o —ap,,,l l —2b —cC
W' =n"%w we,z ~ N(0,n™7) nn
(WIZEZ/(SA—-4F)
A B -
ht =Wl e R, 2! = ¢(h') e R, AT = Wil e R™ f(¢) = WETigE
Definition SP (w/ LR %) NTP MFP (L = 1) 1P (ours)
—l2 =1
o wiewet 0 50 {15 o, asis
- N 2 I=L+1
bl ,wl ~ N(O ?'L_2b5) 0 [=1 0 0 1/2
ap ’ 2 [ >2

c LR =nn~° 1 0 —1 0

r Definition 3.2 1/2 1/o 0 0

2CLL_|_1 +c | 1 1 1

ar+1 + bL+1 +r 1 1 1 1
Nontrivial? v v v v

Stable? v v v v

Feature Learning? v v

Kernel Regime? v v (B R — U >

[Yang&Hu: Tensor Programs IV: Feature Learning in Infinite-Width Neural Networks. ICML2021.]
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[Yang et al.:Tensor Programs V: Tuning Large Neural Networks via Zero-Shot Hyperparameter Transfer. arXiv:2203.03466]

INEWEFTILDI\AI)N—)NS A= ZKRE/RXETIVICEHATED.
GPTOFACHIAH. HEMADOFEIX heillx 5NS.

Standard Practice Our Work

gt =1 v O i
o »nn o un o

Training Loss

P
wn

..................................................................................................................................

»
o

optimum stable ==p

35 j—— 8192 optimum shifts
-20 -18 -16 -14 -12 -10 -20 -18 -16 -14 -12 -10
log,LearningRate log,LearningRate

§5$$$3 “l .
o SV

Directly tune large model Shrink Tune Transfer

Our Method

Standard
Practice



Neural Tangent Kernel

[Jacot, Gabriel, & Hongler (2019)
M
fw(z) = Zj:l ajn(’ijﬂ?)

BE
[ FAS5—RE BES&REHRES

fw (z) =~ (W = WYy firo (2) (BRETIL)
EMED RO —)LHVKEL\DT, #EMERD D
R INTT —HFIC T4y b TETUED.

— R A S R DN
=) Ly (z,2") = (Vw fiwo (@), Viv fivo (2'))

&=1-O>OHATESNS
Neural Tangent Kernel  uzsonmsa—o—nocns

FE(EDY 1 F =IO AWML IERER &S,

NTKZD—RIVERET DI H—RILELELTESZAENS.



Optimization in NTK regime
LUTFDXD(CHIEAE T B

1 ;
* a; ~ (£1) = (+, — is generated evenly) N

VM fiw () = 3 agn(w] x)
.WJNN(O,I) j=1

Theorem [Arora et al., 2019]

M = Q(n?log(n)/Amin ) & 9 VUK, BIECIE(C KD TR ElE

BRABIRE L, TORULEREE |y (ko) yaTiiZ5NS.

exp(—ct) CUR

See also[Du et al., 2018; Allen-Zhu, Li & Song, 2018; Li & Liang, 2018]

» SIFRERZODRER(CHRAZUINR I B.
s FNELEREE IR 5N TVS.

¢ T—HICEE[CTaY b=BTUERSOTEFEDAREMEDD.
* Early stoppingWPIERHEZ ANNIEEFEZHITD. k-2




NTKDUREEDE H]

EfEiFESY 1 = OREBERD.

. a;, (FEE
Model 1 fw(x) =) a;n(w; ) . ::f]. ;@%
j:
T ) [Jacot, Gabriel&Hongler, NeurlP§2018]
— = Vw; L{fw)  (Gradient descent, GD)
1,
= =~ 3 fw(@a))ay T, n(w] z:) V] ) = v (w] .
=1
de T T\ dw;, 0(1/M) :
Z%V(%@& RS ROPRD T
(ABCE(C
KD EF) _ ! Z ZGJ?V;U(W;‘T )W, n(w, x;) | 6(fw (2:))
i\ 4 residual
\ v T (RsaR)
kW (x, xi)

Nevural Tangent Kernel



B8 BAZR DA EIE

dt —~ dt
— __ZZE’ fw (@ kW 33@3553) (fW(:BJ))
1=1 j=1 Y
1 (KW)i,j

= —EHVfL(fW)H%(W

1 N
< —Aminﬁl\v fLUA)IP (i : 25 LTSI ORINEIEE)

Liclsl [Du et al, 2018; Allen-Zhu, Li & Song, 2018] A
L- 5> 8 LDEMELTHIFE, K,y = el HEREETHR.

« REB{LORF(CER/NEBREFIEDTE (= €/2).

J

) EFE (exp(—Amint))



Spectral bias
- ERIEULDEI RN S (Soverparameterization(3E

JICRZB.
 SJUELEREITEDTHADONH?
NTKDEBED
— d=10
% 1073
= @%m@ﬁ@ (Ammin)
~» 1079
0 n 2000 10000
k
« IS INTHDE/NEBIBIF/INVELY (1/poly(n)).
- EBEDR L — MIZIER A —HF — m@ma+258).

— Spectral bias: INAEDRLR T (FaFFE UL,



KernellCKBDEBIEEWVWD R

- Frechet #53 in L,(B): V:L(f)

ViL(f) = (C(f(2:)))iy

L(f +h) = L(f) + (VsL(f), h) Lo,y + o([R17 )
- EB{EIEDERx:

Tof(z) = / k(z,2') f(2)dPy (')

Thw @j = 1 O;
(o NTKICH T B (EBEEEE % B LIz E0D: )
d )
% = —Tw ViL(fw)
(= == >0 kw (@)l (fw ()
\_ (BHERIDOR—TB8 INKOWREROEE] ) )

ky "B (NSIREBIEZRIF T, Ty, [FFEEEREE L TE<
— JFNEY) (177 X (inductive bias).



NTK regime'C“GDSGD ex

EI): fa W Z aﬂ? ’LUJ

(We train both of fII’ST ond second layers)

B BIE:
L(a,W) =E[(Y — faw (X))?| + 3 ([la — a | + [|[W — W3
HARSIE MAEDSDT N
Y = f*(X) + € (v+1ZXsposa)

[ Averaged Stochastic Gradient Descent h
fort =0to’7"— 1do
Randomly draw a sample (x4, 1:) ~ p
Perform SGD update for all j € {1,..., M}:
af™ = ¥ — @ [Val(ye, £ wo (@) + Mol = a®)]
Wi = W — [Vl (e, £y (20) + AW =W O]
end for (T) — 1L = 1 (t) (T) T=1 yy7(t)
8 Return a'*/) = 7 ) ,_ W =25 W, )




NTKICHE T DRREREDEL VYR

[Nitanda&Suzuki: Fast Convergence Rates of Averaged Stochastic Gradient Descent
under Neural Tangent Kernel Regime, 2020.]

IRE : EOBEEHINTKOIEBRKHSICAD TL\BET B.

NTKE%E‘CJL@UJTCLIEEMI:%)\MT ZSGD(F" R KNFEL— K
— NTKIC KBsmoothing®DdH hT.

Thm (ZRUVERL— ) \ NTKDZ A2 L

£ TEIEHAEDSR NTKDEIBEDRZEL — b | — ¢
. 2 107 -_ﬁ ‘

y __2rB = J
Elll fr — f*II7,] < en + O(T~75%) \ ~

1079

— IR \'Lu' L — b~ 0 5000 10005
— o0 COI(C =] K
& M TOICINR I BIE (0(1/,/—)3;«9]@\)/

2B
— T 2rp+1 (FEZTNYV I AmiEL— .
(BFE) S A= DEIRIZIRR—=(C5FH)
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2IENNODNTK:

koo (7,2") = E o) [(w O T 2)n(w @ 2")] + E o [ (0O T 2) 7 (w2 )2 T 2]

HEEHRICH T DIEDEAZE:
T f(2) = [ hoolar.a') f(a) APy

population
AND NIV Th b5 = 105, koolw,2") = 377 pjdi(w)ds(x")

e f*(x) = E[Y|X = x] NRDKDICEITB:
Ty h=f" BOMBOTRE
forh € L,(Py), and r € [1/2,1].

- EBIERESFM: H—ILBAED
= O(j_ﬁ). e

D=LV OISO ICH T DIERENTIMRIE; see, e.g., Dieuleveut et all.
(2016); Caponnetto and De Vito (2007) (rdd&f4(Exoto588).




N , NTKDESEEE 285 R
boo () = 2 AnOm(@)0m(@) ) v . 1 (pypacd
= IEHREREE.
NTKDEIBIET TR
— d-10
5 w07 EERDONTKOEEBEFZIER
S 106 A—5 —TREID.
@ [Bietti&Mairal (2019); Cao et al. (2019);
T 107° Ronen et al. (2019)]
0 5000 10000
Kk ﬁlﬁlgﬁﬁﬁb\?ﬁg %ﬁ;‘}géhﬁﬁ :
o TNDE, =AE MR AI(C
AN %) SN,

e

e

—
S

__///%Jﬁiﬂzﬁﬁﬁ




NTK®DEHIERIE

EEAER DEUESEER (C K DHREE

1072 — =5 — d=10 d=100
[uk]
= 107 1072
T 10
S
E lD—L? lD_E 10_4
=
! -17 -9
s~ 10 10 10-6 I______
10000 0 5000 10000 0 5000 10000
k k

High frequency components
Low frequency components

5
- * Yy ;:spherical harmonics functions
RelU, (a,w) ~ N(0,I): with degree k.

N(d,k) —
( °uk~kd

kntx(z,y) = Zﬂk Z Y (@)Y 5 (y) N{d _2k+d-2(k+d-3
hd (: )_ k d—?

See Cho&Saul (2009), Xie,Liang&Song (2017), Back (2017), Bietti&Marial (2019) for inductive bias.



—JENNDONTK(Imultiple kernel

fa W ZCL;'I] w] ka,W(fE,fE,) — ka(fL',fL") + kW(CB,fL',)
“JEBDNTK  —JEEDNTK

IRTE: f*isin
RKHS w.r.t. NTK RKHS w.r.t. NTK RKHS w.r.t. NTK
for the 2nd [ayer. for the 1t layer. for the both layer.
0.14 \/\/; -~ : ; 0.07 : ;
0.12 — a+B a+B o a8
0 10_](-)0 2000 noe 0 10190 2000 o= 0 1(;?0 2000

« “JENNDNTKICKDFEZ(L, multiple kernel learning®zhENHB.
« ZENNZAL\D C EIEET ) Lmisspecification(CX UTEL DO/ NR MMIRRB.




Beyond kernel

PR : NTKIERBATA LT O\, BB H—FILED
EIERO CEEFED BE DR,

» NTKZ (FAHH ITEFRDNA NN DRSS TN SD.
SERBNTIBEND)

. Allen-Zhu&Li (2019,2020)

Allen-Zhu&Li: What Can ResNet Learn Efficiently, Going Beyond Kernelse NIPS2019.

Allen-Zhu&Li: Backward Feature Correction: How Deep Learning Performs Deep Learning.
arXiv:2001.04413.

(ResNetBiZrw N —OTH—FRILZEHT DK

 Li, Ma&Zhang (2019)

Li, Ma&Zhang: Learning Over-Parametrized Two-Layer ReLU Neural Networks beyond NTK.
arXiv:2007.04596.

> VILSROER TREL RN N —FILEBMT BT EERUR)
- Bai&Lee (2020)

Bai&Lee: Beyond Linearization: On Quadratic and Higher-Order Approximation of Wide
Neural Networks. ICLR2020.

(ZRDTA S —EBHEETHED)
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. (NTKEBZ T)DBUAIC £ o THEEN &S ¥ E

SNDN?
— BRIHATRNHDD.

» NTKIEARANAY O ST TZ TR VBl T (SIERRIZIE D 5 <
12D, mBEDS A FT =D ADENMNEL <73SD.

« RIACIEEHRREUT, AESEORVIDOEER (1X
v or WRXFTwVT) TEDOLDSREFH=EN
JEB TEDIN AN T DRI ELRESNTLD.
« WA TV I TELSNBIBHRIFESNTLDN, ZNT
HFAEREDREN T B.
« SEIIKXDIEEIEOMUSFHEFRZEDAF A F=ZITXD
FATOSED & BN 3.

XETBEZHFDRICURITNEAES > > 2/ 8 HhFEZ AW TEB O (S
FTEISCFEREFHFEZ 55N 3.



AfidiE & Kernel alignment

1 T
fan(z) = \/—N;am(@,wi)) =5 o(W ' x)

[ : AEETCWEZBIITBCET, T—HICEIEEHEREERTEDIN?
& NTKIEBUOY R, DL DRGNS (FAHAE D < BSVWATRATY TH4 XZAL)
N, —ElOEFH TEKROD DIFH=DAMZEDICENTED.
— H—2FJLAlignment, 1 FHEFE.
Wk+1 = Wk + U\/NVL(fNN)

n,d, N - cDEBRZZ X, AfE 1 BOEFHROTFREREZEL CHD.

» n=VNDXSCRELEHZAHNDE, FROREE
FILCED Yy ZOEaEld 3. L i_
> 1 = 1TE&RERY Y hlae UV IEMEW (£ | |
= E

> n = o(1) TIFHHEMEW ER U FRIERZE (NTK-regime). %101 """ i ;i;;li'z;;;;'!f; """""""
g | o .
Gaussian equivalence property + Random matrix theory | = p \\N

— Exact risk evaluation. 103 10°

sample size n



HfgiE & Kernel alignment

Alignment of u; and B+«

' ) —— B*

o
N

o
w

o
N

Frequency

o

o
o
X

0 2 4 6
Eigenvalues



BEEA

The first few step of GD with large learning rate can
extract informative features.

e Staircase function iAbbe et al., NeurlPs2021; Abbe et al., arxiv2202.08658]

Small number of gradient descent can extract
nonlinear features to estimate “staircase’” function.
The frained features for GD can outperform random
feature model.

N

« Benign overtfitting with feature learning
[Cao et al., arXiv:2202.06526; Frei et al., arXiv:2202.05928]
Gradient descent in two-layer NN can yield benign
overfitting and achieves almost the Bayes error in binary
classification.



[5l 85 E

CBAETIL: )
. Wherex; ~ N(0,I),e; ~ N(0,1), and x; € R%, y
> G AT —)LD2-ENNZFE .

95 L2 — /s 0(1/N)
/—/%

1l w1 7 o (a= 0N
Jan(z) = i ;aza(@,wz)) =75 o(W )
where a; ~ N(O,lv/é\rl) and W;; ~ N(O,lvécrl).
=RV RD: FRHUXD:
1 n
L(f) = EZ(yqz — f(a:)? R(f) = E[(f*(X) — f(X))?]
i=1

fBl: AREICLDFHFETFAREZWMETET SNV
BB 2 OIA 2Ty ORXRETIVTE T IR FE#T:

f (@) =" ((z,57))



L) figi

—EHD/\S A—FWDEH:
Wip1 =W + ﬁ\/ﬁ(\—vwﬁ(ﬁ&%)/%
Gy
o (e o) s

v ZIEBD/)\S A—FaldFZE{LOERP TEE.
V BLETWDREEZBDSYAF=ORITEB.

.82, AftED 1Ty TEH (SEE: )
Wi =Wy + n\/NG() ,
2. €D, — % (XU w 2O|FTHTE: ¢cp(z) = ﬁU(WJ@
e A 2 . A2 b (&, 9, iid. copy
\ o agERN < Z glzeniaslliy NH H }Of (ziryi)?=1 /

> W, (1[EIE#H18) (&, FIEHMEW, KD EDREE*(C [HEREL TL)
5Jt%252n5 —SKDBEUVWFRIERE.




IR7E

fan(x Za, o({x,w;)) = \/LNGTJ(WT.SC)
1. Proportional limit: n,d,N - coand */, - ¢, ¥/, = ¢,. €.9. fanh
2. EMHERIMODIEE: -
1. o [FBF, max{||o[lw, l6" le, [l6"" |} < € < 0.

2. Elo(z)] =0,E|za(z)] # 0forz ~ N(0,1). (5&>&3U0EM
3. BERDEMF: fHEIT Y YVEE CTIf [l 20p,) = 0a(D).

\‘ NTK pa‘arameterization W@@ﬁﬂ;ﬁ(:&scj%@mﬁ (d — 2).
T fE=DMDRelU=1—O> DA

1. FHEZRTETIE, &1 —0O>(3#HRE
ﬁby‘é(%ﬂb\‘c@#ﬁc‘:fc@ogwﬂay&d)ﬁ
@ (BUVVERSE, —Do—-1—0>) Zm[EK<.
2. NTKDRT—)LTlX, —BEHD/\SA—
/9(i(ic‘:/ué:EiJh\ﬁ‘flﬁ%ﬁ“*“b\‘C%‘vaa
VAR

—-- Teacherf* « Initialized Trained | See also Akiyama&Suzuki (2021), Chizat (2019).
0 1 2 3




> /9 LFFEHE

> LAFHE (FHE0F8E L)

. Comugcﬂe kernel at initialization:

1 s .
_ T IERETRERE AT DR D AT =
quK (:E) o /NJ(WO ZL‘) NCTuLd (e.g. [Louart, Liao,
and Couillet, 2018; Mei and

* NTK (Neural tangent kernel):  Montanari, 2019))
onri () = \/lefd\/ec(a’(wg 2)eT)

. 1T A
Grp = argmin {E > (yi — (@, érr(2:)))® + ﬁaz} RF € {CK.NTK}

a€RN i—1
FEEINEH—I (1 ATV TGCD):
1 \ R
e — v 1 - 5 la 7.1))2 A all2 (%;, ¥)i=q: 1..d. copy
GD aageRN {n;(yt < 7¢GD( z))) _|‘NH H } of (xi,yi;?zl

&RF VS. &GD



RFDRFY

[El Karoui (2010); Ghorbani et al. (2019); Hu and Lu (2020); ...]
EX (RFDOFARZEZDTIR)

inf min{Rek (A), Rute(V)} 2 1Po1 £ 112 (pyy + 0p,a(1)

Porf* =1 —-Pa)f”
T2 U, P [ FARAZEAEN IR I ZERIANDL? (Py)-ZERIANTDEIE.
Remark: B U Z &R “BEEARZE I —RIL"TEIRDTZD [El Karoui (2010)].
« BIRTTMDd/n=00)DIKRTI(E, SYLFSEZ
> TCWBEDEDREESf *DIRIZER UNELD HER).
. fFOOIEERZEN R ITNEL, FBESH TR,

(n = d*¥ 1¢I5 IORZIBRE TH T B [Ghorbani et al. 2021; Mei et al. 2021])

CNUE, BRITHEE TIIUATOXSEHFMEREENK DI DS THD:

]. ]_ i 1
T o LT TN b T T [GaussianZFiitE]
a ek (i) \/Na o(Wo i) \/Na’ (i Wo i + pi22) BODAS1 RaSiR



BNOHRAFY T REFS>Ih1 -

- WERG I}, S0 1T TEMTES.
= W, DANRD NLBMRIC TRINA D] NS |
1T 1 1 T /
Gy = _EX [(\/N (\/NJ(XWt)a—y) a ) ©o (XWt)]
(o' DIFFRMER D, —RRC(HMRS > D (CIRS5RV. UDNUBRTIRERS > DCIRD)

(Gordon-Slepian ineq.; Hanson-Wright inequ)

EE (BEEDS > 1)
1
=5

EHEALRIOD 1
= E[eo(2)], p2 = \/E[0(2)2] — i, where 2 ~ N(0,1). [T

|

Go (W1 — Wo) ( Wi =Wy + n\/ﬁGo) (OER.

L T T =~ posm SR
A= X 1175 (X, L 5.
TN ya' (T>01175) TN R =S

log2 (n)
Go — A| < G
[Go — All S Tn 1Go|
with high probability for sufficiently large n,d, N. MP,EUJ" -
W, = Wy + 1 X (rank one matrix). B ()85 4

= A7V IHAZnRENE, RINAOHZEH.



Alignment with the Target Function’

f* can be decomposed into e
[ () = po + pilz, By) + Por f* ()
where i 8« = E oo, nlzf ()]
Define ji = U%irgollf*IILz(PX), and

01 = \//121111_1 + 3%, O = papin. Ny, N o,

Theorem (Alignment to the target function)

Suppose that n = (1) and a; (W,) is the largest singular value of W, and u4 is
the corresponding left singular vector, then

(i) 6, > w3 (large step size):

0> + 01 1+ 62) (g + 62
o 00 8 (1= ) oy [ (L 08

(i) 6, < w3* (small step size):
[{u, B)|* = 0, o1(W1) = 1+ /4

In both cases, we have
(i, B = 0 (Vi > 2).




Alignment with the Target Function®

f* can be decomposed into —
(@) = po + piz, Be) + P f7(2)
where i 8« = E oo, nlzf ()]
Define ji = ;irgollf*IILz(PX), and

01 = \//121111_1 + 3%, O = papin. Ny, N o,

Theorem (Alignment to the target function

Suppose that n = ©(1) and g, (W;) is the lar¢ Phase transition for the leading

the corresponding left singular vector, ther singular value:i.e., under sufficiently
large step size, the “spike” in the

(i) 8, > w,}“ (large step size): weight matrix aligns v\(iTh the leading
- term of the true function.

3 1 63 Umetien.
ur, B = 22 (1 V2 + 0} ) o (W) — | ST T )

9% 9% (9% + 1) The “alignment” becomes more significant
. 1/4 . | as we (i) increase the step size; (ii) use
(i) 6, <,”" (small step size): more data (i.e., larger ;)
|<u135*>|2_>07 o1(W71) = 1+ /1
Non-leading singular vectors are near
In both cases, we have orthogonal to the linear part of the true

| (w;, By ) ‘2 — 0 (Vi>2). function in the high dimensional setting.




Wi DANRD MIVRTRDRAINA D

0.4 | Alignment of u; and B+«
.
>0.3
-
V
-
>
0.2
L
0.1
WoDANRD ML MPHI
(—EIDEHTENST) ’
0.0— .
° ° Eigenva O f DB RIEHAAD
'genvalues alignment

(=)



Gaussian Equivalence Property

o th_-wjﬁd)conjug?’re kernel :
pok (z) = —=a (W, z)

VN SRR+ 73 =
. . SRR+ O S
. unssmn%ﬁlﬁi'a:ET)b (alzﬁﬂ/ﬁlxﬁ(atbrjx%ﬁaucou&a)
T p = Elzo(2)], p2 = \/IE
E — 1W x + 22
QbG ( ) v/ N (u t a ) where z ~ N(0,1).
A : 1 - w2, A 2 (X, §i)i=q: 1.d. cOpy
ap = argmin {n ;(y (@, ¢7(Z:)))" + 7 llal } of (i v
where F € {CK, GE}. AIERARICBI S BRRMTIZ[HU and Lu, 2020]

E (GaussianZF{ifil¥)

n=01)&EULT, ffz)=c"((z,8)) £EFD. DL, BFRIBICTITSD
BDt AT T TIELATMR DI D:

Rk (A) — Rae(M)] = 0p,a(1)

Rae(N) > [Ps1f*[|72(py)

c CNERFHROEMICH D POBRER 22 5. Ll aoemnms
- SHRIZEDD (Fiid A RMEDELS CHBED GHIBEOERTIEAS).
INERRT Y THA X TEBEARE CER L CERAN DS



prediction risk

1.

1071

10° # .

HUERER EDESE

GETIIHERER (S > A LEFHE)EIT TR, FHUEEFI TEMRDIID.
2. GETZ{ESC&ET, T4 LMTIOEGHN S FllREZEEBERICETERIEE.
(1215 —R) LB SRAAL" SN TLBDT).

Solid line:

Dots:

ialized CK
1
2

sample size n

prediction risk

100

GENM S EmY T8

STEH(CKDS>=alL—>32>.

103
model width N

prediction risk

1071

® n=2048
® n=4096

n=_8192
n=32768

20 30
number of steps t

n=0)ZRAWCEFEURHEZREWZY v 2 hllgDFaERE

KDRERBRRATYITAXTEIDEZELDRATY ITZEP UZANEIDRUVVEE
— FEHFBENFRAEREZEL TL\D |



FIRAEDCKH 5 DellE

(Ry, (1) is the ridge regression estimator using W for the first layer.)

* n=01) (PENGAETEDRTY ITHAX):

Rw,(A) = Rw, (A) —— 36 >0 MRAZ IR TR

IRTY I DCDENTIEEENESED.
LML, AE<KBESEDZEEFRV. BERS Rw, (A) > |Po1f*[|72py) -

e n=0O(/N) (KEREBE): f(z) =0 ((z,8") BRE

Maximal update parameterization (uP) [Yang and Hu, 2020] * © =0ifo=0" = erf.
ELUTHISNTLA. « 1*«K1ifo =0¢*=tanh.

= %2% Ee,~n0.1) |07 (&) — Egyan(onlo(nér + &2)]]
(:Eg‘“) LDX V%%?E) a1 N g - P

R, () < 167% + C(VT o 2 4 i) +0,(1)  ERCUAE

FERZARESLKITDILET, BEZARKSKBETED Wy = Wolle = [|Wolle
(T* < ||Ps1 PR T). s+ 7REREDBEEE = 06 TES.




o

Corollary EUo =0*=erf 125, 7 = 0.
15(C, Ry,(1) =0(yi') =0(d/n) THD.

10°%,
*: Small step size
y P, -
- o o _ O o -9 o '
G 107! .%o o .-
5 [mmmme———— e TR e e ..
= : L %% e.q, Large step size
| -e =00 “e e(d/n) TR
. n=0(N) /
Lo-2] == IP=af I o
| m—O(d/n)

10°
sample size n

Predictive risk of ridge regression on CK obtained by one step GD (empirical
simulation, d = 1024): brighter color represents larger step size scaled asn =
N¢ fora € [0,1/2]. We chose ¢ = ¢* =erf, ¢, = 2,1 = 1073, and o, = 0.1.



SRR

o o<
AR

‘;' A

X
}/” v

-10 5

= Wro(Wp_1--0(Wix))
Find a model that fits ’rh% data well by minimizing a loss function.

Jo(x

mginzf(y@-,fg(x@-))

ML is infended to obtain good prediction.
> Lower classification error.
> Betterrecommendation.

Black-box model

O Good pred.

= —True func.
—lambda =0.17

Better prediction = Better interpretability/explainability:

» How is a particular answer produced?
> |Is the output produced by a correct reasoning?




Learning a Shortcut

ML models sometimes find a “shortcut” that lowers the training error but
yields an unreasonable decision rule.

* Medical image recognition:
Iv\orker marked by doc’rors produces unintentional bias.

[Winkler et al., Association

. Between Surgical Skin Markings in
~  Dermoscopic Images and . . ‘e
- Diagnostic Performance of a Camera, Ilgthng condiifions,
Deep Learning Convolutional skin-colors also produce bias.
~ Neural Network for Melanoma

Recognition. JAMA dermatology,

155(10):1135-1141, 2019]

A specific object is linked to
the background color.
» ML model recognizes via
the BG-color.
> |t fails if BG-color changes.

3 A\ <
R P
\§ o
¢ - -
fari

[Nanxuan Zhao, Zhirong Wu, Rynson W. H. Lau, and Stephen Lin. Distilling localization for
self-supervised representation learning. arXiv: 2004.06638, 2020]

Interpretability is necessary for high-risk stakes problems.

» E.g., cancer diagnosis.




Social issue: Hallucination

o . .
Ha l l UCl natIOn A confident response by an Al that does not seem to
Is there a survey paper of federated learning? be JUSTlfled by |TS Tr0|n|ng dOTO

Yes, there are several survey papers available on the topic of federated learning. These . .
survey papers provide an overview of the concepts, technigues, and advancements in The SITU Ohon COUld geT worse

federated learning, along with a comprehensive analysis of existing research in the field. beCO use |T iS eSﬁmOTed ThOT 33—46%
They often cover a wide range of topics, including privacy preservation, communication Of CrOWd Workers use LLMS

efficiency, optimization algorithms, and appli f f | i — Al WOUId be Trgined by Al

Wrong author information
While | cannot provide the full text of these survey papers, g- are a few prominent ones generOTed dOTO .
that you can search for and access through academic databases or ojiline research portals: [Veselovsky et al: Artificial Artificial Artificial Inteligence:
Crowd Workers Widely Use Large Language Models for Tex
Production Tasks. arXiv:2306.07899]

1. "A Comprehensive Survey on Federated Learning" -@ al. (2020).
2. "Federated Learning: Challenges, Methods, and Future Directions" by Qiang Yang)et al.
(2019).

e Ethical issue

Galactica: LLM by Meta trained mainly by scientific
papers and documents. (published on 15t/Nov/2022) GALACT|CA
» Produced several hallucination including L o
vicious racist responses backed up by non-
existing references.
» Was closed to public in 3 days.

[Taylor et al: Galactica: A Large Language Model for Science. 2022]




Ethical issues

« Gender bias in natural language processing  bifferentresulis from

different random seeds

/

Semantic textual similarity (STS) task

1.0

0-51 More biased

sim(“a woman is walking”, “a doctor is walking”)
— sim(“a man is walking”,“a doctor is walking”).

0.0 1

Are the results affected by the gender ratio of
the occupations?
» Random seed to fine fune the BERT model N
largely affected the result. N e tune 12
> It is difficult to detect from the predictive o, ;-’ezmalgaby ngcupg;mio
accuracy.

[D'Amour et al. (Google), Underspecification Presents Challenges for Credibility in Modern Machine Learning. JMLR,
23(226):1-61, 2022]

—0.51 J’

STS-B Similarity Delta

« Copyright issue

Article 30-4 of the Copyright Law in Japan permits the use of a
copyrighted work for fraining ML models, but it does not include any
procedure for gaining permission in advance from copyright holders.
["Copyrighted Works Get Flimsy Protection from Al Under Japanese Law," The Yomiuri Shimbun, published on April 29, 2023]

» Japanese government announced that that necessary measures will be established by summarizing

the issues such as cases in which learning of copyrighted works by Al constitutes an infringement.
[ KO8V RAEEHEEE T 12023 ]



G7: Hiroshima AI process

« Agreed to establish Hiroshima Al process. -

- They are determined to work together and with |
others to “advance international discussions on
inclusive artificial intelligence (Al) governance
and interoperability to achieve our common
vision and godl of trustworthy Al, in line with our
shared democratic values.”

b

[HP of Ministry of Foreign Affairs of Japan.
https://www.mofa.go.jp/ecm/ec/pagele_000673.html]

[Cabinet Office report: G7 Hiroshima Summit (Session 1 (Working Lunch) "Toward an International Society of Cooperation,

Noft Division and Conflict/World Economy” Summary)]
[RERFER: GTILEY =Y b (Tyv>3a>l (D—F>270 - 5>F) [DIREMIZTERLSGROERMEA/HFRER] HF) |

The G7 Digital and Technology Ministers' Meeting was held in Takasaki City, Gunma
Prefecture, prior to the G7 Summit, and adopted a joint statement that included the
promotion of the development of "Thuman-centered and reliable artificial intelligence (Al).

Facilitation of Cross-Border Data Flows and Data Free Flow with Trust.

Secure and Resilient Digital Infrastructure:

. reinforce democratic values

. respect for human rights and fundamental

Innovating the Economic Society and Enhanci freedoms

. collective efforts to promote interoperability
between Al governance frameworks

Internet Governance.

Promoting Responsible Al and Al Governance

o 0 WD -

Competition Policy on Digital Market.
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« RIBFEB(FRE ISV DN ? [HFRHRE]
s WFCRDREFBDFRIEFEA
> [RIREEN] , TReEen) , T&Efk)

5 AIN—HETE

A= FS VLR
NS

FEFEOHER
BesovZEi B33 Sl Ve B EREDRASH

ERBIEN  wassersteinéfd HESRIRIE

HGR(C K DRBEF B2 DT h 5" sl a) REIR 4T\

REF B ZEBX D ERDIBEN



J 1 X D BficiE & KN & 1%

(SEEN : BEE(CHBTE)



Sharp minima vs flat minima

SGDIZ IS wv M BrhRE] (CESBPITUVSRBULA{EEREZRT
ELVDER

Training Function

AT .
/1 +1 | Testing Function

e
T

E - o & E (| i
- i Vo !

"i'."\/.'
Sharp Minimum

e e J—
e, =

Flat Minimum
Keskar, Mudigere, Nocedal, Smelyanskiy, Tang (2017):
On large-batch training for deep learning: generalization gap and sharp minima.

b
1
Or =01 —a | 3> Vollz,:0) c[T5w b EWSEESFEZRDE D
71=1

\ ' / 5 (CLBNBEHRARNE NS,
~ 45375 (Dinh et al., 2017)

‘PAC-Bayes(C KB4 (Dziugaite, Roy,
— SOALIA—DETSY MRFAEIC o) 7)

EEFTDPITN



J A X CKBERIEZIR

Original function f f convolved with [—0.6, 0.6]
15.01 127 OISy region
12.5 1 10 -
10.0 1 8 -
- | smoothing
5.0 A 4 4
2.5 - 5 4
0.0 1 . : . . : .
_> 0 2 —2 0 2
X X

[Kleinberg, Li, and Yuan, ICML2018]

ERNAEZAND = fFlc/ M XZRETVS5=> BYEHRDOTBEIL
vy =x1-1 — N(VL(Tt-1) + &) (y: = o + nés)
= Yt = Yi—1 — N&—1 — NV L(y—1 — n&i—1)
= Ee,_, [Yt]) = y1—1 —nVE¢,_ [L(yi—1 — n&e—1))]




BiEA3E: Graduated optimization

« Graduated non-convexity

Blake and Zisserman: Visual reconstruction, volume 2. MIT press Cambridge, 1987.

« Gaussian kernel&EDEHIAFF W v

L. Wu. The effective energy transformation scheme as a special
continuation approach to global optimization with application to
molecular conformation. SIAM Journal on Optimization, 6(3):748-768,

1996. )(

« Graduated optimization :

Hazan, Levy, and Shalev-Shwartz: On graduated optimization for
stochastic non-convex problems. Infernational conference on
machine learning, pp. 1833-1841, 2016.

og-nice DB A . ZIEWRA—4 — CTODILE.

.
Eé‘(x) = Eu~U(B(Rd)) [L(x ~+ 5u)] v 5=05
Survey: \ﬁ/

Mobahi and Fisher lll. On the link between gaussian homotopy
continuation and convex envelopes. Energy Minimization
Methods in Computer Vision and Pattern Recognition, pp. 43-56,
2018.



GLD/SGLD

WENLEL S>> /\D81HFE

Stochastic Gradient Longevin Dynamics (SGLD)
a{g@ L(x) = ;’2%@ - Zf (FE)
4 B BE/SA—4 )
dX; = —VL Xt)dt + /208~ 1dB, (AEES>>a2/)\EHF)
EBDM: moxexp(—LL(X))

\_____ J
=L E e [Gelfand and Mitter (1991); Borkar and
Mitter (1999); Welling and Teh (2011)]
GLD: X1 =X, —nVL(X,) +V/2n871& (Euler-Maruyama scheme)
& ~ N(0,1)
SGLD: Xt+1 Z vf Xt —|_ V 2776 gt
zEI

\_ J




Gaussian noise

Gradient descent



EEDMN

dXt = —VL(Xt)dt + \/ 26_1dBt

EHREADE ECLDOEEDMIFLL T TER5NSD:

Too(dx) x exp(—FL(x))dx

AL@) s phNAE NS, TESTIER
ERRED ([CED T B.
> EESmHNSOH> T
CHBFEZD (EVWDSHTHO>EN
AEDEH).



AMYRL IRSER ESMOTILT— R

E 0 h ~BL(x)

Too(dx) o< exp(—[L(z))dx

XWEYV KL TAEN (r,,DEES): e

«  Weak MorseBYE8%%

(EED (., [CXF U THEh@ER ) RN M dr = [ drmy (S,
2
/flog(f)dwoo §20LS/ HVJ{H d7m o
(D(V||moo) < 2cLs1(V||To0)) (L iy Ficher-div
DGsl) = [10g (L) . 1) = | Hwogj—f

% " R
- %‘Ejﬂgljbj I\I‘E o, Xt@}gj‘ﬂﬁﬁ
D(pt||moo) < exp(—2t/cLs)D(pol|Too)
EEDMHAKL-divergence DR TIBEA —45 —DULR

[Bakry, Genlfil, and Ledoux: Analysis and Geometry of Markov Diffusion Operators. Springer, 2014. Th. 5.2.1]

2
dp




WEY IR TAREFRNDTDRAF

-

6):1159-1194, 1987.]

L(x) = 5 >0 Li(w) + Af|]]?
Bounded perturbation lemma:
1
: <
14;(x)] < B (Vr) ‘ cLs < W exp

[R. Holley and D. Stroock. Logarithmic sobolev inequalities and stochastic Ising models. Journal of statistical physics, 46(5-

(45B)

J

g

~

GEH VAN L(x) hu-38ry = crs < 1/(uB)

[Bakry and Emery, 1985] )

~N

- HURH) (dissipative):
Im >0, b>0, (x,VL(x)) > m|z||* —b
Bl

. P
M, |[VL(z) = VL(y)|| < M|z — y|

Y

\

=)

2m? + 8M?

cLs <

m2M 3

i

6M(d+ B) + 2

O (B+d)
m
[Raginsky, Rakhlin and Telgarsky, 2017] )




vk: Marginal distribution of X} (discrete time dynamics)

D(vilIToo) S exp(—kn/cLs)D(vollmeo) + 8cLsdM ™y

E&ﬂ'li tzﬁfﬁ"ﬁ@%ﬁ:@:ﬁ t (and other technical condition),

dlog(f+1)
BIL(Xk)] = L(XT) S exp (—ckn/evs) + s pan + —— 5
f t
e T)LT— R el R b DERZ= Er [L(XT)] — L(X")
where c,c¢, . pqa > 0 are constants. e

[Raginsky, Rakhlin and Telgarsky, 2017; Xu, Chen, Zou, and Gu, 2018; Erdogdu, Mackey and Shamir, 2018]

o WRE/I\S A=+ XREITNIE, BNESENIE CTERERAEDITL (C
FETED.

o EIEU, —MRIC(EFEINL TAREZFRSLCIERN CMIFIT D EITER.
(D5 TRV\WEEEHD : BBEEE, Weak Morse2£X)
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“ENNDOFEIL

TSIV

yZ:fo(a:Z) fz (’L:l,,n)

where z; ~ Unif(S?™1), & ~ (mean 0, variance o2, bounded)

FAEPESESRTE with ReLUETE(ERIER:

Teacher Student (overparameterization)

NNNRRELK7
D

-amtzﬁtﬁbééit?a4a%5<%mm%)
AT A S AR T T2 3 ?
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=1
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J

B4 -

M
1 ReLUT(ZL2-IEAIHbIF R/ \—X1E
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B
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[Akiyama and Suzuki: Excess Risk of Two-Layer ReLU Neural Networks in Teacher-Student Settings and its
Superiority to Kernel Methods. arXiv:2205.14818]

R |2 M 2 M
> RiA(O) = - Z (yi - Zaj0(<wj»33>)) + /\Z(a? + [y )

1=1

> R(O) =E[(f°(X) - fo(X))’]

> W= (wy, ..., w) DMBEBDFFE(E(L o, T PSR 5NS.

(M, d, omin EED 7T C) B RELHFE K, HMFEL T,

Phase 1 (KIBHIEFEITI T —X): UIESKIFERT D EHIFHELR R HDIBUELL
TETRSED (BE(OELIRD)

R(G(Kl)) < €p

Phase 2 (ERI T —X): KISHSREAR \RRNK

Ry(0%)) — Ry(0*) < ¢; exp(—c,(k — Ky)).
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Related work

Non-overparameterized setting:

 [Li & Yuan, 2017] showed global convergence under M = m
and a special network structure (ResNet like structure).

- [Zhong et al., 2017] showed local convergence under M = m,

l.e., they showed convergence when the initial solution is
close to the true parameter.

Overparameterized setting:
 [Li, Ma & Zhang, 2020] showed global convergence of GD for
an overparameterized setting M > m.

(@) = _I{w;, )] L(f) = £(f°) = O(d~ )

True network where Q is a small constant.

» Tensor decomposition technique is used.
» The frue network has a special structure.
» The convergence is not exactly shown (it converges as d - ).

« [Chizat, 2019]: Convergence to sparse solution with sparse reg.
» BLASSO [De Castro & Gamboa, 2012]

2-homogeneous activation + NDSC condition

- ¥

RelU Guarantee — [Akiyama&Suzuki, 2021]
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fe(z) = M Z he, (2) f5l: hg(z) = ro(w' z) for 6 = (r, w)
j=1

b, = —Ve, L(fo,)dt + 1/2/BdB,

—a1—0O>hYSRILSD D EEBOGLDDIEGHE A TE/R0).
LML, 55> 21 /) 8hFEORBHICKDIEFRIIN TED.

(E(C = 1 — O SIIRADEIRE E X 3 SRR 3 3)
ZHFE (F13i5)

il (Hu, Ren, Siska, and Szpruch, 2021; Mei, Montanari, and Nguye, 2018)
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N ner (Ent(s) = [ log(u)du)
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SR Fp) =~ Zﬁi(fu) + ME,[|z)? (BRI ERE)

6F Zgr fu)ha(2:) +)\1||m||2 fu(x):/hg(gg)du(g)
ﬁﬂ%5>§lﬂzﬂﬁ?.

dX;, = —V2EL (X,)dt + /20dB; i = Law (X))

(OO IC<VDERECER =1 — IZI/%':’UEE ﬁ‘CiJJD\L/_Cb”ﬂUJ\J'(X%}J[IZ_CL\%)Z&(Ci\jﬁﬁ)

UTHE A BB AR (c.f., Mirror descent, exponentiated gradient)
1 0F(p) BRI TSN BH
pul(@) ocexp | = () py = argmin(v — ) T + A, Ent (v)
AQ 5” veP

TEIE (Entropy sandwich) [Nitanda, Wu, Suzuki (AISTATS2022)][Chizat (2022)]

P D—RECHEBVRL TRER (Efa) 28T ETDE,
L(pe) — L") < exp(—2aat)(L(po) — L(17)).  HRAZUEER 1)
212U, L(p) = F(p) + XoEnt(p)
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EibShE - MPRAIF « PDAJZ [Nitanda, Wu, Suzuki: NeurlP$S2021]
ES\:TSCT]Q\?SGQIO\;VQU),]SUZUKI « P-SDCAJZ [Oko, Suzuki, Wu, Nitanda:

ICLR2022]
g [Chizat (2022)] y IR /R5THLER [Nishikawa, Suzuki, Nitanda:
NeurlPS2022]

\- 74
Z UL\ : Propagation of chaos
(McKean, Kac,..., 60FER LKD)

(o )
e fEIB#AE - EHTIFRT:
Uniform-in-time propagation of chaos - ~

% Varax H =1 E =] [er . > .
- SuperxiZiSobolevAZEF T l :‘EE ,ﬂ@%ﬁgﬁﬂﬁ&m

[Suzuki, Nitanda, Wu (ICLR2023)]

= Suzuki, Wu, Nitanda
- Leave-one-outBL 5 (arXiv:2306.07221)
[Chen, Ren, Wang (arXiv2022)] P & J
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(Particle Dual Averaging; PDA)
[Nitanda, Wu, Suzuki: NeurlPS2021]
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q:prob.density Nq[g(t) (9)] + A2
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) o exp(—g(0)/X2)  BHEHAESNS.
— CODHIHS(EFUTOARS > 1)\ 8HF
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2. REL—T": 7, = O (P exp(8/22)/ (M1 X)) (GLDIC &L B)
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(Parficle Stochastic Dual Coordinate Ascent; P-SDCA)
[Oko, Suzuki, Wu, Nitanda: ICLR2022]
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Kernel alignment
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Outer loop steps / Steps
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[Nitanda, Wu, Suzuki « P-SDCAJZ [Oko, Suzuki, Wu, Nitanda:
(AISTATS2022)] ICLR2022]
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NeurlPS2022]
g J
# UL\ : Propagation of chaos
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1 0F
pu(x) o< exp (_)\_2 52“)

T (1 X7 v T EFRDIRD)
pu|IXTEISobolevAFNZEZa Tz 9 &9 5.
HEREHDONE EEBIEDIREDE &,
LN (figr1) — L(p")
< exp(—Aamia) (z“‘”m - ﬁ(u*))

(x)) . proximal Gibbs measure

Nk 2
v ~ ,
H#FHﬂ Ef'sﬂ ﬁﬁzﬂg 52 = IH?XE ‘ V'UI‘CT(B&”) . vaval 5Féli‘%') (X") ]
sEt e O e

BIFHATR C (IR FEREEFE (S U CHEZABAEM (kT
[Mei et al., 2018; Javanmard et al., 2019; De Bortoli et al., 2020]

ASSUI’ﬂpTiOﬂIE 1. F:P - Risconvexand has a form of F(u) = L(w) + A4, E, [Ilx]I?].
| < C(Wa(wv) + llx = yIl) and

. 2. (smoothness) ” v 0 -2 y)

_____________________________________________________________________________________________________________________________________________
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SGD-MFLD:
F(p) = 5 225 fi(p)  (ERAD),

vi =% Y g, LEN(X]) ()
(Mini-batch size = B)

) 1 1 (n—B)vnA
(NY (7 — £(*) < Xonk — (P + A —
LV () — L") S exp(—Aanka) + Mo (?7 +A2m N * B(n—1) )
B RS Ze ] RN
BEENE  EREML i

EFEERD/ T >
By setting n=0 (ea A (Agear)? EB (n)21))\ A ’—Agea)
the iteration complexity becomes

2
1 1 Xo(n — B)? /| 1 1 1
_ _— |
k=0 (ea * ()\2605) B?(n —1)? + Aoe | Mo og(e )
to achieve € + 0(1/(A,aN)) accuracy.
> B =nA4/1/(A,ae) is the optimal mini-batch size. — k = 0(log(e 1) /e).
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SVRG-MFLD:
F(p)= >0 fi(p) (ERM),

— 5 > v ) - 5 L ) 928 0y (3 e

Bir o B o (X (ZmiEl (- —[EIE5H)
LN (fir) — L(p")
S exp(—Azanka) HRAZGLDDBEIF R4

1 1 n—DB (12 [Kinoshita, Suzuki:
"o (" ot oy mn AQ)) NeurlPS$2022] DIFR
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1 1 1 N
log(l/e) =0 [ — + log(e™ ') 12/ZUB = ym =n'/3
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* h,(x) = R - [tanh({xy, 2) + x3) + x3]/2

o k-RX)\—X)\UF 1 [EizE ’u

» X ~ Unif({—1 1}d) (up to freedom of ro’ro’non) -
> Y = Xl-le- . for l] [d] with l] + ll

Q: COHEIRENE CTH—RIiE%Z L[blS ?
A: Yes.

[Suzuki, Wu, Oko, Nitanda: Feature learning via mean-field Langevin
dynamics: classifying sparse parities and beyond. 2023]

Authors regime/method width class error number of iterations
Ji and Telgarsky (2019) NTK/SGD d® d®/n d* /e
Telgarsky (2023) NTK/SGD d? d”/n d* /e
Barak et al. (2022)*  Two phase SGD  O(1) dRTV2 ] I~ d/e?
Telgarsky (2023) mean-field/GF d? d/n N 0
Wei et al. (2019) mean-field/ WF 00 d/n / 00
Ours* mean-field MELD  ¢2@  exp(—O(v/n/d)) 4 O

Ours* mean-field/MFLD ~ ¢©(9) d/n ¥ cO(d)
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.« f;: ‘“7\74’ WAGEI=ES

* hy(x) = R - [tanh({xq, 2) + x;) + x3]/2
o k-X)\—=XR)\J>F 1 78 ’_“_ _________ ®
» X ~ Unif({—1 1}d) (up to freedom of ro’rc’non) i
> Y =X; X ..X; fori; € [d] withi; # i;. o , |
Q: COMBERETH—RILiEE LES ? o
A: Yes.
. . . ‘_’ __________ _‘/

[Suzuki, Wu, Oko, Nitanda: Feature learning via mean-field Langevin

dynamics: classifying sparse parities and beyond. 2023]
Authors regime/method width class ¢f FHEFE (C KD TRITAD
Ji and Telgarsky (2019) NTK/SGD d® 1 IEFENESTN TS,
Telgarsky (2023) NTK/SGD d* d*/n d”/e
Barak et al. (2022)*  Two phase SGD  O(1) dRTV2 ] I~ d/e?
Telgarsky (2023) mean-field/GF d? d/n N 0
Wei et al. (2019) mean-field/ WF 00 d/n / 00
Ours* mean-field MELD  ¢2@  exp(—O(v/n/d)) 4 O
Ours* mean-field MFLD ~ ¢©(¢) d/n ¥ eOld)
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