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Multiple Kernel Learning

Fast Algorithm
SpicyMKL



Kernel Learning

. f(z) v

Regression, Classification
N

f(z) = E a; k(x;, )
;=1

t

Kernel Function

k(x,z")




» Gaussian, polynomial, chi-square, ....
— Parameters: Gaussian width, polynomial degree

Thousands of kernels

e Featuico

— Computer Vision: color, gradient, sift (sift,
hsvsift, huesift, scaling of sift), Geometric Blur,
Image regions, . . .

Multiple Kernel Learning

(Lanckriet et al. 2004)
Select important kernels and combine them



Multiple Kernel Learning (MKL)

Single Kernel
N
f(z) = Zaik(a:i,a?)
i=1

Multiple Kernel
N M
flx)=) a (Z dm/fm(ﬂi‘z‘,-fl’f))
i=1 m=1

d, :convex combination,
Sparse (many 0 components)



Sparse learning .
grouping
Lasso f\

Group Lasso kernelize
Multiple Kernel Learning (MKL)

M
minimize Zf (Ju > ful) ) +C Y fml o,

L -reqularization :
{(xwyz) 7],\[1 : N samples g :

{kim (2, 2") =y M kemels —sparse
Ho :RKHS associated with &,
((y, f) : Convex loss (hinge, square, logistic)
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Representer theorem

M

minimmize ZE (yz, Z W o ) + Z e
o -

Finite dimensional problem

(Km)ij:=km(zi,z;) :Gram matrix of mth kernel

ltnllo = 1/ @ Kot




CPU time (s)

SpicyMKL
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1 Proposed:

SpicyMKL

» Scales well against # of kernels.
» Formulated in a general framework.
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Details of

Multiple Kernel Learning (MKL)



Generalized Formulation
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. minimize ) ¢ (y Z(Kmam,)@) +C Y lamllm

X, ERPJ
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M
minimize Ka) + Ol
e (K0) + 3 oo
K= (Ky,...,Ky) g : sparse regularization
a' =(a),...,a,,)
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M M
minimize [y Z Ko, | + Z g(HamHm)
m=1

amERY
(Il = v e

m=1

f 14 . hinge loss 9 } elastic net
logistic loss
;/ L1regularization
0 - 0 g
. . A 2
hinge: ¢(y, f) = max(1 —yf,0) elastic net: g(z) = C((1 — \)|=| + 5 )

logistic: £(y, f) = log(1 4+ exp(—yf))  Liregularization: g(x) = C|z|
12



Rank 1 decomposition

If g is monotonically increasing and f, is diff’ ble at the optimum,
the solution of MKL is rank 1:

3d,,, € R, 38 € RY such that

B f(x) = Zﬁz (Z dmkm(wiax))

convex combination of kernels

Proof Derivative w.r.t. o,
* * Km *
KV fo(Ka™) + dg(]lag,||m) O, =0

*
o llm

sk
H@mHm

= Bylllag ) 5




Existing approach 1

Constraints based formulation:
[Lanckriet et al. 2004, JMLR] [Bach, Lanckriet & Jordan 2004, ICML]

| . 1 M ’
primal mo}n fg(KOé) + 5 (Zmzl ”@mHm)
1 2
Dual mgx — fg(—P) =+ 9 (mn%X HPHm)
fi(=p) + 517
max — — 57
_ oo TP

st |lpllm <7 (Vm)

* Lanckriet et al. 2004: SDP
 Bach, Lanckriet & Jordan 2004: SOCP



Existing approach 2

Upper bound based formulation:
[Sonnenburg et al. 2006, JMLR] [Rakotomamonjy et al. 2008, JMLR]
[Chapelle & Rakotomamonjy 2008, NIPS workshop]

. 1 (M 2
primal - min fe(Ka)+ 5 (X0 llamllm )
1 : .
] mic? fe(Ka) + 5 Zﬂ]\fble a;{jmam (Jensen’s inequality)

S.t. Z,ﬁf:l dp, =1, dp, >0

e RS

o
g omi @(ﬁ(dwngﬁw (d)

st. M dy =1, dp >0, K(d) =YY d Ko

» Sonnenburg et al. 2006: Cutting plane (SILP)
* Rakotomamonjy et al. 2008: Gradient descent (SimpleMKL)
* Chapelle & Rakotomamonjy 2008: Newton method (HessianMKL)
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Problem of existing methods

* Do not make use of sparsity
during the optimization.
— Do not perform efficiently when
# of kernels is large.
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Outline

* Introduction
» Details of Multiple Kernel Learning

@ Our method

— Proximal minimization
— SKkipping inactive kernels
* Numerical Experiments

— Bench-mark datasets
— Sparse or dense
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Our method
SpicyMKL



DAL (Tomioka & Sugiyama 09)

— Dual Augmented Lagrangian
— Lasso, group Lasso, trace norm regularization

» SpicyMKL = DAL + MKL

— Kernelization of DAL

19



Difficulty of MKL(Lasso)

4 )
HO‘mHm
is non-diff’ble at 0.
\_ ,
Relax by

Proximal Minimization

(Rockafellar, 1976)

> Uy,

20



Our algorithm

SpicyMKL: Proximal Minimization (Rockafellar, 1976)

D

Set some initial solution o'%. Choose increasing sequence 71 < Y2 < Y3 ...

Iterate the following update rule until convergence:

M
o' —argmin  fs (Ka) + Z gl ) + Z vy, — Ofm, 12
wERYT m=1 t m—1
k A /
| Regularization toward the last update. !
It can be shown that N _"""""““";; ----------------

o Sr(Kat )+ 30 a0 ) < fo (Ka) + 37 ol

m=1

o ol 5 su}oer linearly !

Taking its dual, the update step can be solved efficiently $ 1



Fenchel’s duality theorem A

min{f(Az) + h(z)} = max{—f"(=y) — h*(4"y)}
\_ J

M M

. 1
LT fe(Ka) + Z glllamllm) + 5— Z |, — av(ri?H?n

@ERAH =1 27#‘ m=1
\ v
B ) e )
]
max — f; (=p) — ¢; (K p)
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max  — [} (—p) =97 (K p)

pERN | th(Of)

Non-diff’ble :
S L) “ﬂ
o 1Om — Qp |Im
g % [sllanln] + (5
|
|
|
; ~ dual
|
|
« 1
g i Mag*
|
|
|
Non-diff'ble Smooth!

Moreau envelope

23




Inner optimization

* Newton method is applicable.

* * T
max — fy (—p) — ¢, (K p)
pERN
Twice Differentiable Twice Differentiable (a.e.)

Even if f; is not differentiable,
we can apply almost the same algorithm.
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Rigorous Derivation of ¢;

max  — f; (—p) — &} (K p)

pERN |
Convolution and duality | (h;[hs)(2) := z:igiy{hl () + ha(y)} A
+ kX *
. (f+9)" =7"Ug )
K
61K = 3" (90) + 5| —all 1) (o)
27t
m=1
= Z i { " (lm ) + 22 [ = p— 22" 1 L2
o RN A y ’ Ve mi 2,}% ol
M
_ (g (lnll) 1 I
o Z Vi y Hfélghr ( - + 9 Uy, P ve ||, + (CODSt.)

25



Moreau envelope

Qb;:l:> min (9*(HumHm)_{_% U — p —

’ 1
— min (9 () 1

(gm — |lp+

Moreau envelope (Moreau 65)

For a convex function ¢, we define its Moreau envelope as

1

reR

Mo(z) = min (e = 27 + o(0))

26



Moreau envelope

L,-penalty

g(x) = |z

) = {o (lyl < 1)

oo (otherwise)

9" (y)

Smooth!
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What we have observed

We arrived at ...

Dual of update rule in proximal minimization

max  — f; (—p) — ¢{ (K 'p)

pERN
o
- g | a’gn)
max —f7 (=p) — 1 S ML (||p+ Z|,)
v

* Differentiable
* Only active kernels need to be calculated.
(next slide)

294




Skipping inactive kernels

PR AR RRRRRAR AR R AR R R AR AR AR AR AR AR RRRRRR RS ‘_
max —f7 (=p) =2 ) ME (o + %2 llm)
B === Rt ]
=
9() i 9" (y) ./\/li( ) Soft threshold
Yt Yt Y

A
prox,, () 70——04

prox,. () %
P C
C‘ ‘ 7 -

¢ Hard threshold

o () : . . o(t)
If [lp+ %= ||, < C (inactive), ML (|lp + %=||,,) =0,
and its gradient also vanishes.




Derivatives

 We can apply Newton method for the dual optimization.

The objective function M

vip) = =fi(=p) = Z M ([|p + % ||m)

Its derivatives:
Km m
Vo) = V205 -p) =% Y. ™

m:active HpmHm
- r K, pmpl K, K,,
Vi(p) = =Vafi(=p) = Y {( = Qo [P ) B T }

pp ey et xr ||pm”m Hp'm.H?n.

et v

ff} d .

where P : HP+ Hm.: G -— pI'OX,}.fg(HCEgi.) + ﬁ}f’tp“-m)a T i— III()T{: . () II._””{“—FW ) .
1 it rh

* Only active kernels contributes their computations.
— Efficient for large number of kernels.
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Convergence result
p(a) = f(Ka)+ Y glllamlm)

Thm. )

For any proper convex functions f¢ and g,
and any non-decreasing sequence 7Vt ,

dist (Oz(t),argmin(go(oa))) — 0 (ast — o0).

87

\_

J
Thm. )

If f¢ is strongly convex and g is sparse reg.,
for any increasing sequence 7t,

the convergence rate is super linear.
\_ J
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Non-differentiable loss

* Ifloss f; is non-differentiable, almost the same
algorithm is available by utilizing Moreau
envelope of f/.

primal dual Moreau envelope of dual

A !

0 0

32



Dual of elastic net
A max(ly| — C(1 — A),0)2

o(r) = C((1= Nl + 52%)  g'(@) = o

primal 1 dual

Na|ve optimization in the dual is appllcable
'But we applied prox. minimization method

,for small A to avoid numerical instability. -



Why ‘Spicy’ ?
» SpicyMKL = DAL + MKL.
DAL also means a major Indian cuisine.

— hot, spicy
— SpicyMKL

from Wikipedia

34



Outline

* Introduction
» Details of Multiple Kernel Learning

 QOur method
— Proximal minimization
— SKkipping inactive kernels

@ Numerical Experiments
— Bench-mark datasets
— Sparse or dense
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Numerical Experiments

36



CPU time (s)

IDA data set, L1 regularization.

CPU time against # of kernels
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» Scales well against # of kernels.
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IDA data set, L1 regularization.

CPU time against # of samples
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» Scaling against # of samples is
almost the same as the existing methods.
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UCI dataset

# of kernels 189

200 ¢

CPU time (s)

Accuracy
= n
(¥ 3] =]

# of kernels
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Comparison in elastic net
(Sparse v.s. Dense)

40



Sparse or Dense ?

Elastic Net
- o 2
fo (Ka) + Omz:l ((1 — M|lem|m + A "';' m)
where A € [0, 1] .
A
0 s e 1
Sparse Dense

Compare performances of sparse and dense solutions
In a computer vision task.

41



caltech101 dataset (Fei-Fei et al., 2004)

object recognition task
anchor, ant, cannon, chair, cup

a3 2

10 classification problems (10=5 X (5-1)/2)

# of kernels: 1760 = 4 (features) X 22 (regions) X
2 (kernel functions) X 10 (kernel parameters)

— sift features [Lowe99]: colorDescriptor [van de Sande et al.10]
hsvsift, sift (scale = 4px, 8px, automatic scale)

— regions: whole region, 4 division, 16 division, spatial

pyramid. (computed histogram of features on each region.)

— kernel functions: Gaussian kernels, Y’kernels with

10 parameters.
42



Performances are averaged over all classification problems.
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Conclusion and Future works

Conclusion

* We proposed a new MKL algorithm that is
efficient when # of kernels is large.

— proximal minimization
— neglect ‘in-active’ kernels

* Medium density showed the best
performance, but sparse solution also works
well.

Future work

* Second order update .



 Technical report

T. Suzuki & R. Tomioka: SpicyMKL.
arXiv: http://arxiv.org/abs/0909.5026

DAL

R. Tomioka & M. Sugiyama: Dual Augmented Lagrangian
Method for Efficient Sparse Reconstruction. IEEE Signal

Proccesing Letters, 16 (12) pp. 1067--1070, 2009.
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Thank you for your attention!



Some properties

1
Moreau envelope Mg(z) ‘— min (§ng _ 2H2 + g(gj))
/1 ,
proximal operator PI'OXQ(Z) .= argnin §||$ —z||” + g(z)
Moot () 120 |
) g(z) + Mg*(z) = 5 (Fenchel duality th.)
@ Dprox,(z) + prox,.(z) = z (Fenchel duality th.)
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